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BBEJIEHUE

PaccmarpuBaercss KOHeYHOMEpHAasi MEXAaHUYECKAasi CUCTEMA, COCTOSIIAS U3 KO-
HEYHOr0 YUC/Ia MATEPHUATBHBIX TOYEK M KOHEYHOrO Yucjia TBEPABIX Tesi. Kax-
ﬂblﬁ npejacTaBuTe/]lb CUCTEMbl — TOYKa WJINW TEJIO — COBEpHIaeT ABU2KEHHE U UCIIbI-
ThIBaeT BO3/elicTrre n3BHe. COOTBETCTBEHHO, MEXAaHNKA COCTOUT U3 TPEX PA3ILsIOB.
[lepBolit — KmMHEMATWKA — H3y4YaeT JBHKEHHE BHE 3aBHCHMOCTHU OT IPUYUH €ro
BO3HUKHOBeHUs. BTOpoii — cTaTmKa — n3ydaeT B3anMOJIeiiCTBHUE C BHENTHeH cpeaoit
1 XapaKTEPUCTUKHU ITOr0 B3aumo/ieiicTBus. B HacTosmeM Kypce pas3/iest CTaTuKu CIie-
IaJIbHO HE BblAEJIEH U BOIIPOCHI, CBA3aHHbIE C HUM, HO,ZLpO6HO HE paCCMaTPUBAIOTCA.
Hakownern, Tpernit pazaes — AUMHAMUKA — U3y4aeT CBI3b JIBUKEHUs U BO3AeHCTBUS
U3BHE.

Mexanudeckasi CHCTeMa, IBUKETCSA B TPEXMEPHOM €BKJIUI0BOM IPOCTPAHCTBE —
cucrteme orcuérta. [Ipesnosnaraercs, 90 ecTb BO3MOKHOCTb pa3/indarb U UMEHO-
BaTb TOYKHU ITPOCTPaHCTBA.

TeOpeTI/IquKaH MeXaHUuKa CTPOUTCA aKCUOMATUYIECKU. HeKOTOpre YTBEPZKIACHU A
— aKCHOMBI, MOCTYJIaThl, 3aKOHbI, HaYaJa — IPUHUMAIOTCA 3a uctuny. OHu OyayT
dopMmyIHpoBaThC MO Mepe HeoOxoauMocTH. [Ipodne yTBepKaeHUs CIeIYIOT U3 aK-
cuoM (IpaBUIbHBIE) UM AKCHOMAM TPOTHBOPEYAT (HENPABUIBHBIE).

Hecranaprabie 0603HaueHnsi 00bsSICHEHBI B TEKCTE.

[Ipeanonaraercs, 4To
— (yHKIHNH, yIaCTBYIONINE B MIOCTPOCHUSIX, — JOCTATOYHO IJIaIKHUE;

— paccy:K/IeHHs, OIpeJe/eHNusd, YTBePKACHNS — JIOKAJTbHBI.



JlBuXKenbe — CcHACTH-U-€ MOE, JTBUKE-E-HBE. ..
“B nyrs”, n3 tukaa “Ilpekpacuas MeapHIYHXa’,
Omyc 25, 1823 rox

Mysbika @panna [lybepra, cruxu Bunabrensma Mroaepa

KVNHEMATHNKA

['JTABA 1
KNHEMATUKA TOYKU

§ 1. TPAEKTOPUNA, CKOPOCTb, YCKOPEHUE

Onpeanenenune 1.1. MarepuajsbHag TOYKA — IeOMETpHIECKAsT TOIKA, KOTODOI
IOCTAaBJIEHO B COOTBETCTBHE MOJOXKHATETHHOE IHCIO0 M — Macca.

B cucreme orcuéra dukcupyercs touka (), a MOJOKEHWE MaTepuaabHOH TOU-
K A B KaK/plii MOMEHT BpeMeHH ¢ OIpejIesIgeTCs PaInyC—BeKTOPOM I: HadaIbHas
TOYKA paJuyc—BeKTopa r B Touke (), MarepuajabHas TOYKa A COBIAJAeT C KOHEU-
HOI TOYKOIi r. 3aJaTh ABUKEHUE MaTePUAJIbHONR TOYKY A — 3aJaTh T€M UJIU HHbIM
cnocobom BekTop—dynknuio r(t). Bekrop—dynkuus r(t) onpenenser Tpu KuHema-
TUYECKHE XapaKTePUCTUKN JIBUKYIIEHCS TOYKU: TPAEKTOPHUIO, CKOPOCTh, YCKOPEHHUeE.

Omnpenenenne 1.2. Tpaekropusi MaTepuajbHOH TOYKH — rogorpac pajanyc—BeKTopa

r(t).




BeeéM reomerpuueckue xapakrepucTuku rTpaekropuu [10, § 22|. @ukcupyem
HA TPAeKTOPUU TOUKY 3, OT KOTOPOil BBIUUCSIETCS JIAHA JYTU S, U HAIIPaBIeHUE
MOJIOZKUTEJIBHOTO OTCUYETA JYTH (pI/IC. 1.1). Takum oOpazoM, KaxKi0it Touke A Tpa-
eKTOPHU CTABHTCS B COOTBETCTBHE YUCIO S (IIOJOKHUTETHHOE MM OTPUIATEIBHOE) —
paccTostHue 110 TpaeKTopuu Mexkay Toukamu A u B. Paanyc—BekTop, NpoBeIéHHbBI
K HEKOTOPOIi TOUKe TPAEKTOPHHU, TAKKEe CTAHOBUTCsI (DYHKIHET JIJTHHBL yTH S: T(S).
[To 3T0it PYHKIIUN BBIYUCIAIOTCS OPTHI COIIPOBOXKIATOIIET0 TPEXTPAHHUKA.

Oprt kacaTeabHOI

T=—. (1.1)

[IomuepkuéM, 4TO T — OPT:
(r,7)=1 (1.2)

(31eCh U J1asee UCIOMB3YIOTCS 0003HAUeHUs: ( , ) — CKAJNSAPHOe TPOU3BEJICHNE BeK-
TOpOB, | , | — BekropHoe). Opr T pacnosiaraercst Ha KacaTeJabHOH K TPACKTODHU 1
HAIPaBJIEH B CTOPOHY YBeJUYEHUs! JJINHBI JIYTH.

Opt HOpMau. BBojiurcsi BEKTOP KPUBU3HBI

dr  d*r
K=—= ——> (1.3)
ds ds
KOTOPBI XapakTepu3yeT CKOPOCTh IOBOPOTA OpTa KacareabHoil. Opr HopMa/iu n —
OpT, 3aJAI0MUIl HAIPAB/IECHUE BEKTOPa, KPUBU3HDI:

dr 1 1
K Kn=-n, K=-. (1.4)

ds p p
Bwmecto Besimunibl ' KpUBU3HBI yJI00HO MCIIOJIB30BaTh PAANYC KPUBU3HBI ) —
paJinyc OKPYKHOCTH, AIIPOKCHMUPYOIIEii TPaeKTOPHIO B JaHHOi Touke (puc. 1.1).
Hentp C 9T0ii OKPYKHOCTH HA3BIBACTCH MEHTPOM KpuBu3HbL. OpT N HampaBieHn
K tentpy Kpususabl C. 113 (1.2) — (1.4) ciegyer opToroHaJIbHOCT OPTOB T U 1

1
—, 1) =2(K, 1) = 2;(11, T).

BwmecTo Tepmuna “opT HOpMaJH’ HCIOIB3YETCs TaKKe TEPMHUH “OpT IVIaBHONH HOpMa-

an”.

OpT 6unopmanu b BBOAUTCS Tak, 4TOOBI TpH BekTOpa {7, n, b} — compoBox1a-
IOHUHA TPEXTPAHHUK — TPEJCTAB/IsLIn cODOI MpaBblii OPTOHOPMUPOBAHHbIN Oa3uUC:

b = [7, n].

Onaum u3 cnocoboB 3a/aHus JBUKEHUST MaTepUasbHOl Touku — r(t) — aBjis-
ercs 3aJaHue TPAaeKTopun r(S) u aBuKenue no ueii s(t).
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Onpeanenenune 1.3. CKopocTb MaTepuabHOH TOYKH OIPEETISIETCS CITYIONHM 00-
paszom
dr

V_—:
dt

. (1.5)

13 dopmyar (1.5) u (1.1) cremyer

dr drds ds

TO €CTh, BO-NEPBBIX, CKOPOCTH V HAIPaB/eHA MO KACATEJIHHON K TPAeKTOPHH, BO-
BTOPBIX, BeJNYNHA CKOPOCTU V paBHA MPOU3BO/IHON 1O BpeMeHHU t OT MPOilIeHHOTO
nyTH:

ds

V= (1.7)
dt

Omnpegenenne 1.3 CKOPOCTH OTKPBIBAET BO3MOXKHOCTH BBIYHCIATD IPOU3BOIHBIE OT
BPEMEHH OT BeKTOPOB a(t) pasHoii mpupojib.

Teopema 1.1 (A. Pezsaun) [1, 7| IIycts A u B HavaibHas W KOHEYHAS TOYKH
Bekropa a(t) = AB. Cunpasemmua ciejyromias popmyia

da .
E:a:VB—VA. (18)

(] Beeaém HemoOABHZKHYIO B cucTeMe oTcuéra TOYKy O W OTJI0KHM OT Heé pajamyc—
BEKTODHI I'a ¥ I'p, NpoBejéHHble K ToukaM A n B (puc. 1.2). Yreepxkaenne (1.8)
TeopeMBbl cjaejyeT u3 onpejenenus 1.3 u dopmyr

a=TIpBp —TIx, é:fB—fA:VB—VA.-

a(t)

Puc. 1.2



Onpenenienune 1.4. VckopeHne mMaTepHaIbHOH TOYKH OIIPEIECTSICTCS CJETYIO-

M 06pa3oM
av - d?
w="Sov=2

_ YT 1.
dt e " (1.9)

3 dopmyan (1.6) u (1.9) crenyer

av  d\VrT) dv dr
w2 _ _ 4 a
dt dt TV

Borancienus ¢ yaérom (1.4) u (1.6)

dr B dr ds . n
dt — dsdt  p
IIPABOJAT K Pe3yJIbTaTy
d 2
W—d—‘t/'r—l—v—n—WT—l—Wn (1.10)
P

pazsiozkenust yckopeuuss W 110 opTaM COIPOBOK/IAIOIIEro Tpéxrpannuka. Kommonen-
Thl pa3J/IoyKeHus Ha3bIBaloTCsA: W, — KacaTeJIbHOE UJIN TAHTE€HIINAJIbHOE YCKO-
penune, W, — HOpMaJIbHO€ YCKOPEHUE, — U UMEIOT BEJTHINHBI

av V2
W,=—, W,=—. 1.11
i (1.11)
Tak Kak BEKTOPBHI T U N OPTOTOHAJBHBI, CIPABE/IJINBO PABEHCTBO
W?=W2?+ W2 (1.12)



§ 2. JEKAPTOBbBI KOOPJIVIHATDBI

OsiHa U3 BO3MOXKHOCTEH MMEHOBATH TOYKH CHCTEMBI OTCUYETA (CM. BBEJICHHE) — 3a-
JIaHKE TPABOr0 OPTOHOPMHUPOBAHHOIO Oa3uca: B IMPOCTPAHCTBE (DUKCUPYIOTCS TAKUE
gersipe Toukm: O, Ay, Ay, As, 4r0 1151 Ga3uCHBIX BeKTOPOB i), = O A}, cripaBeLInBo
pPaBEHCTBO

1, k=1
ig, ij) =0 =19 ’ 2.1
(i, 1t) = G {O,k%l. 21)
“@amuiius, uMs, OTI€CTBO” IPOU3BOJIBLHON TouKM B — kodddunuenror x), = (r, i)
- 3
passioxkenus paauyc-sekropa r = OB 110 6a3ucy iy : r = Y xxig (puc. 2.1). Jasee
k=1

GUCTA T, Tg, T3 JJIs KDATKOCTH HA3BIBAIOTCS JIEKAPTOBBIMH KOODJAUHATAME (BMECTO
“IIPAMOYTOJIbHBIE JIEKAPTOBBI”).

A,

Puc. 2.1
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Puc. 2.2

C npuMeHeHHeM JI€KaPTOBBIX KOOP/MHAT MPOULIIOCTPUPYEM IMOHSITHUSI, BBEIEH-
Heie B § 1.

ITpumep 2.1. Touka P coBepinaer JBuzKeHue M0 OKPYKHOCTH paauyca R (puc. 2.2).
[Tonoxkenne TOUKHN ompeenseT paamyc-BeKTop r = OP = R(ij cos ¢ + i sin @), rae
© — yTOJ MeXKIy BeKTopaMmu I u iy. JImnHa gyru opP paBHa s = Ry, oTKya ciemyer
paBeHcTBO ¢ = s/R. Tlo dbopmy:e (1.1) BeUUCASETCS OPT KaCATETbHOI

_dr  drdy

T=—=——=—iysingp+izcosy.
ds dyds 1O T2 €05y
[To dopmye (1.3) BHIUUCTSIETCS BEKTOP KPUBU3HBI

dr  drdyp 1 1
K=—=——=——(ijcosp+1iysiny) =——n,
s dpds | puieosytihsing)=-—p
OTKY/Ia CJIEJIYIOT BbIpaykKeHHUs JIJIs pajiuyca KPUBHU3HBI p U OpTa HOPMAaJU N:
p=R, n=—(ijcosy +izsingy).
[To dopmyiie (1.5) ckopocTh TOYKH paBHA

V =1 = Rp(—iy sinp + iy cos ) = R,

a BeJIMYMHA CKOPOCTH IPH JBUKEHHH TOUYKH 110 OKpyzKHOCTH pasHa V = Rp. Ilo
dbopmyne (1.9) yckopenue TOUKH PaBHO

W =V = R(—iy sin ¢ + iy cos ) — Rp2(iy cos ¢ + iy sin p) = RGT + Ry’n,

a BEJUYUHBI KACATEJIHHOIO W HOPMAJIBHOTO YCKOPDEHHH NpU [BUZKEHHH TOYKHU IO
oKpyzKHOCTH paBubl W, = Ry, W, = R@2.

11



§ 3. KPUBOJIMHENHBIE (OBOBIITEHHHBIE) KOOPIVHATBI

[TonoxkeHnne MaTepuaabHOl TOUKH B CHCTEME OTCUETA ONPENeIaeTcs MOJTOKEeHIEeM
pajyc—BeKTOpa I, HadajbHas TOYKA KOTOPOI'O HEIOJBMYKHA, & KOHEYHAS TOYKA
COBNAJAET C MaTepHasbHOil TO4KOii. [losokenne pajamyc—BeKTOpa B TPEXMEPHOM
IPOCTPAHCTBE MOYKHO 3ajiaBaTh Tpems ducjaamu: r(q, g, gs)-

Onpenenenne 2.1. Yncia q1, g2, ¢3 Ha3pBaroTCsi KpUBOAUHEHHbIMU (000061IIEH-
HBIMH ) KOOPJAMHATAMMY ITPH BBITIOJIHEHHH JIBYX YCJIOBHI.

1. Tpu dncia qi, qz, Q3 HaAXOAIATCS B B3AHMHO OJHO3HATHOM COOTBETCTBHH C JTIOOBIM
MOJIOZKEHHeM TOYKH B CHCTEMe OTCUETA.

q,,0; 0

r(g,,q, »qg; )

H.(q,’,9,,9;)

2. ®ukcupyeM 109Ky ¢\, 5, g5 B cucreme orcuéra. /IBe KOOpAHHATHI GY, q5 OCTABHM
(pHKCHPOBAHHBIMH, a OJHOH (i JO3BOJHM H3MEHSThCs. Komeumas Touka pajmyc—
BekTopar(qy, 9, q¢5) MpoYepTHT KPHUBYI0, KOTOpas Ha3blBaeTCs KOOPAMHATHOL Ji1-
Huel, coorsercryonieii koopaunare ¢ (puc. 3.1). Bekrop Hy(q) = 0r(q)/0q¢1 —
KAaCaTeJIbHBINl BEKTOP K KOOPAWHATHOW JIMHUM (37€Ch H B AHAJOTHIHBIX CILIy-

qasix HCIoJab3yercs: obosnadenne ¢ = (q1, 2, q3)). AHATOTHIHO CTPOSITCS JpyTHE
KOODJIMHATHBIE JIHHUH H KACATeTbHbIe BEKTOPBI K HHM
Or(q)
qi

Bropoe ycmopue Tpebyer THHEHHYIO He3aBHCHMOCTD KacaTeabHblx BekTopos Hy(q),
H2(q), Hs(q) B Kaxkmoii Touke q cucreMbl OTCUETA.

IIpu Beinosaennn ycaosuii 1 u 2 tpu Bekropa Hy(q), Ha(q), Hs(q) o6pasytor B kaxk-
JI0ff TOYKe CHCTeMbl OTCY6Ta JIOKAJIBLHBIN 6a3uc, cOOTBeTCTBYIOUNI KOHKPETHBIM
KpuBoHHEHHBIM KOOpauHartaMm. CKajsipHbie (OyHKIHI

H;(q) = [Hi(q)| (3.2)

Ha3bpiBaloTcst Kodddpumumentamu Jlame, KpuBo/nHeiiHbIe KOOPJAHHATHI, JIJIST KOTO-
DBIX BBITTOJTHSIETCS

(Hi, Hk) = 0, 1 7& k‘, (33)

12



Ha3bIBAIOTCSI OPTOTOHAJIBHOM CHCTEMOIT KOOPAWHAT.

Bagars jasuzkenue r(t) mMarepuasbHONW TOYKM B KPHUBOJMHEHHBIX KOODIMHATAX
9TO, BO-TIEPBBIX, 33/IaTh CBA3b () MOJIOXKEHU TOYKU B CUCTEME OTCUETA ¢ KOOD/IH-
HATAME (¢, BO-BTOPBIX, OIPEIEJUTh U3MeHeHne Koopauar ¢(t) Bo Bpemenu t. Eciau
00e 3aBUCHUMOCTH 3aJIaHbl, CKOPOCTH TOUYKHU PaBHA

3

V= 206 =S Ha (3.4

=1

— ucnosnb3oBano oboznadenue (3.1). liag Beuunusl ckopoctu u3 (3.4) caeayer
3
V3(g, @) = (V. V) = ) (Hi(g), Hi(q))didh (3.5)
i k=1

J11s1 OpTOrOHANBHBIX cucTeM Koopamuar (eM. (3.2), (3.3)) dopmyra (3.5) ymnporna-
ercst:

3
V3¢, 4)) = > Hi(a)d;. (3.6)
i=1
13 Beipazkenus (3.4) ciemyer
ov  Or
= 3.7
¢ g (3.7)

(¢; m ¢; — He3aBUCHMBIE IepeMenHbIe). Boipaxkenue (3.4) Breuér takke Gopmyry

ov. iar

(3.8)

JIJIsi 0OOCHOBAaHUsI KOTOPOI CPABHUBAETCs PE3YJIbTAT BHIYUCEHUS POU3BOIHOM 110 t
B npaBoil yactu dopmysl (3.8) ¢ pesyabrarom andbepeHInPOBAHUST MO ¢ BbIPa-
kenus (3.4).

C yuérom oboznavenwuii (1.9), (3.1), dopmyn (3.7), (3.8) u npasuna auddepen-
UPOBAHUS IIPOU3BEICHNS BLIBEIEM COOTHOLICHUE

Jutst yeckopenust W TOUYKH:

or dV d [ Or d Or
W= (G- i) =i (o V) = (it V) -
y

d (OV oV d o [V? d 2
Cdt (3_%’ V) - (5qz" V) - dtdg; (7> - Oy, <7)




[Tocseqauii mepexo/1 ecTh pe3yJIbTaT OUeBH/IHBIX BHIYUCIEHUN (Z — HEKOTOpast Tepe-

MeHHast )
ov 10 a9 (V2
<$7 V) =35V V) =5 (7) -

B wacTHOCTH, ecii 00e wacTu Broporo 3akona Heiorona mW = F (ri. 5) ymuO-
KUTHh CKaJasapHO Ha BekTOop H;, BBecTHm 00OO3HAdYeHUs JI/Isi KHHETHYECKOW SHEPIUU

T(q, §) = mV?*(q, q)/2 u ana obobménnoit cunnt Q; = (F, H;) = (F, dr/dq;), To
¢ yaérom dopmysst (3.9) mosyunm ypasuenus Jlarpanzka

dor or
dtdg g

Qi (3.10)

JI7IsI CBODOJIHON MaTepHaaIbHON TOUKH.
Dopmysia (3.9) onpezessier TakKe HPOEKIUIO YeKopeHust W Ha KacaTeIbHYIO K
KOOPJMHATHON JTUHUMN

pon- (55 (440) -2 ()

st oproronanbuoil cucremsr koopauHat (eM. (3.3)) Beipaxenust (3.11) ectb k03d-
3

durmentsr W; pasioxkenust yckopenussi W = g W;e; no opraM €;, CBI3aHHBIM C
i=1

KacaTeJIbHBIMU K KOODJANHATHBIM JIMHUSIM.
[IponnmocTpupyeM BBeJEHHBIE B 9TOM Haparpade MOHSITHSA Ha IIPUMepe.




ITpumep 3.1. Ha puc 3.2 nosoxkenue ToOYKu P ONpejieieHO MHJIHHIPAIECKIMI
KOOpJIMHATAMY 7', 0, 2. Paamyc—BeKTOp pacKIaIbIBAeTCs MO0 OPTOHOPMUPOBAHHOMY
bazucy i, j, k ciaemyrommm odpasom:

r =ircosy + jrsing + kz. (3.12)

B coorsercruu ¢ popmysnamu (3.1) u (3.2) BEIMHCISIOTCS BEKTOPbI, KACATEIBHBIE K
KOOPJMHATHBIM JIMHUSAM, U Kodddunuents Jlame:

0
H, = a =icosp+jsing, H,=1,

or
0
H, = % = —irsinp +jrcosp, H,=r,
or
H,=—=%k H,=1.
0z

ITo dbopmyste (3.4) cKOPOCTH TOUKH, ABUKEHIE KOTOPOil 33/JaHO [IINHIPHIECKAMA
koopauuaramu 7(t), ¢(t), z(t), paBua

V = H.7 + H,p + H.2.

Borancrenna (H,, H,) =0, (H,, H,) =0, (H,, H,) = 0 npusoxar x BuiBoxy (cM.
(3.3)): muIuHIApUYECKHE KOOPAUHATHI ABJISIOTCSI OPTOTOHATBLHBIMHE, BCTIEJICTBUE Y0
BEJINYUHA CKOPOCTH BblYHCsiercs o dopmyaie (3.6):

V2 =72 4 22

Yuér 9roro pesysbrara B cooTHOIEeHHH (3.9) OonpejesnT JieBble Y4acTH ypaBHEHWil
Jlarpamxa (3.10):

m(H,, W) = m(i—r¢?), m(Hy,, W) =m(r*¢+2r7¢), m(H,, W) =m3 (3.13)
I IpoeKnnn yckopennst W Ha KacaTeabHBIE K KOODAUHATHBIM JuHEsIM (cM. (3.11)):

(H,, W) =7 —7r5* (H,, W)/r=rp+2rp, (H,, W) =2
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['JIABA 2
KNHEMATHUKA TBEPJIOT'O TEJIA

§ 4. YI'VIOBAA CKOPOCTD.
CKOPOCTH TOYEK TBEPIOT'O TEJIA

Onpepenenne 4.1. TBEpaoe TeJI0 — Takasi COBOKYIHOCTb MaTepUAJbHBIX TOYEK,
9TO PACCTOSTHUE MEXKJTY JIIOOBIMHU JIBYMSI HEH3MEHHO.

Puc. 4.1

TBép/i0e Tesio coBeplIaeT ABUZKEHUE B CUCTEME OTCUYETA, C KOTOPOI CBS3aH OPTO-
HOPMUPOBaHHbIi 6asuc iy, iy, i3 (em. (2.1), puc. 2.1 u puc. 4.1). Tak KaKk B KuHEMa-
TUKe HET MAaCC, a eCThb TOJBKO TeOMETPUUIeCKUe TOUKH, O/ TBEPJBIM TEJI0M YA00HO
no/ipa3yMeBarTh abCOMIOTHO KECTKOE TPEXMEPHOE IPOCTPAHCTBO. BbljieiuM B TeJie
Touky O W ¢ HAYaJOM B Heil MpaBbiii OPTOHOPMHUPOBAHHBI 6a3uc ey, €z, €3 (puc.
4.1), AJist IpejicTaBuTeN el KOTOPOTrO BBIIOJIHAETCS

(ek, el) = 5kl- (41)
,Z[I/I(b(bepeHI];I/IpOBaHI/IG (41) 110 BpeMeHUu t I[IpUBOAUT PE3YyJibTaTy
(ék, el) = —(ek, el) (42)

3ajaTh JBUZKEHHE TBEPIOrO Teaa — 3aJaTh TEM HJIH HHBIM CHOCOOOM BEKTOD—
dbyuxuun ro(t), e1(t), ea(t), es(t) (puc.4.1). Yoeaumes, aro 31oii unbopmManum jo-
CTATOYHO JJIsl OIIpeJIe/IeHus] JIBUZKeHnus 11000 Touku Teqa B. KoHKperHas TOUYKa
TEJIa UMEHYETC KOODJAMHATAMHA Y PA3I0ZKEHHUs]

3
p= Z Yr€r, Yr = const (4.3)
k=1
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paguyc—BexTopa p—0 B 1o opraM eg, €, €3, CBI3aHHBIM ¢ TeaoM. [loBerenne TouKn
OTHOCHTEJHLHO CUCTEMBI OTCYETA 3aMaéTcs hbopmytoii (puc.4.1)

3

r:r0+p:r0+2ykek, (4.4)
k=1

B IIPaBOil YacTh KOTOPOil HaxoasaTcs nudopmannust ro(t), e;(t), es(t), es(t) o apuzxe-
HAM TeJa U “‘baMuins, UMs, OTIeCTBO — YY1, Y2, Y3 — TOUKH .

JIng BBIYMCTIEHNS CKOPOCTH TOUKH B Tesa mpoauddeperiupyeM 1o t dpopmy.ty
(4.4):

3
k=1

13 (4.5) BUIHO, 9TO JIJIsi HAXOXKJIEHUSI CKOPOCTH IPOM3BOJIBHON TOYKH Tpebyercs

JIONOJIHUTE/IHHO 3HATH TPU BEKTOPA €1, €9, €3. Kak nmokasnpiBaeT cjeylomas JeMma,

Ha CaMOM JieJie JOTOTHUTETbHO TpeOyeTcsd 3HATh OJWH BEKTOD: YIJIOBYIO CKOPOCTD

w.

Jlemma 4.1. B j1toboit MOMEHT BpeMeHH t CyIecTBYeT TaKOlH € JHHCTBEHHBII BEKTOD
w (yrjaoBasi CKOPOCTB), 4TO JJIST KayKJIOr0 0A3HCHOTO BEKTOPA € BBIIOJHIETCS
COOTHOIIIeHHE

ék = [w, ek], k= 1, 2, 3. (46)

B rauvecTBe w MOXKHO B34Th
3

w— %Z[ei, & (A7)

i=1
O st obocHOBaHUST CyIECTBOBAHUSI HY KHO MOACTaBUTh (4.7) B mpaByio yacth (4.6),
PACKPBITh JBOIHOE BEKTOPHOE MPOU3BeeHNe U HCnonb3oBaTh (4.1), (4.2):

3

o, el = 5 D llew & ] = 3 Y fénlen, ) — exlen, ) =

=1

1N, . 1.
=5 E {€idir + (e, ér)e;} = §(ek + €;) = é.
i=1
[Ipu BBIYUCIEHUN YITEHO CBOWCTBO PA3IOKEHHs BEKTOPA MO OPTOHOPMHUPOBAHHOMY

3 3
basucy: a = g a;e; = g (e;, a)e;.
i=1

i=1
JIna goKazaTeqbCTBa € IMHCTBEHHOCTH IPe/IIoIaracM, 4To CyIeCTBYeT JBa BeK-
TOpa W1, Wy, YJIOBJIETBOPSIONITE YCIOBHIO (4.6) JeMMbl, BeiunTaeM Beipazkenus (4.6),

B KOTOpbIE IOACTABJICHBI W1 U W2, HOJYYIa€M YPpaBHEHHUE

[(.Ul — Way, ek] = 07 k= ]-a 27 37
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CIpaBeJIIMBOE TOJIBKO NMPHU wi—ws. M

Jlemma 4.2. B j1t0b60it MOMEHT BpeMeHH t CyHIeCTBYET TaKOH € IHHCTBEHHBII BEKTOD
w (yryioBasi CKOPOCTB), 4TO /s Jio6oro Bekrtopa p—0 B, cBszaHHOrO ¢ TeJIOM,
CIPAaBELTHBO

p=w, pl (4.8)
O Jlemma nokassiBaercs auddepennnpoannem ¢ yaerom (4.6) dopmyist (4.3):

3

p = Zykek = Zyk[w, ek] = [w, Zykek] = [w, p] (49)

k=1
|

Teopema 4.1 (06 yryioBoii ckopocTn). B 1t060ii MOMEHT BpeMeHH t CyI[eCTBYeT
TAKOI €HHCTBEHHBI BEKTOP W (YIJIOBasi CKOPOCTH ), YTO CKOPOCTH JIIOOBIX JIBYX
TOYEK O uB TBEPAOIro Tejia CBA3aHbl COOTHOIIICHHEeM

Vp=Vp+ [w7 p]7 (410)

rze p=0OB.

O Teopema jokasbiBaercs quddepeniupoBanueM 1mo BpeMer t ¢ yaerom (4.8) BbI-
paxenus (4.4). B

CaencrBue. Ecin g ckopoctn Toukn O tesa Bpimoasiercss Vo = 0, T0O CKOPOCTH
JTI000I JIpyToit Toukn B TBepaoro Tejta paBHA

Vi = |w, r], (4.11)

rae r = OB. Takoe nBuzkenne HA3BaHO B § 11 YMCTHIM BpAaIleHHEM.

Onpenenenue 4.2. YrjoBoii CKOPOCTBIO TBEPAOTO Te€Ja HA3bIBACTCS BEKTOD
W, CBSI3BIBAIOIHIT CKOpoCTH JI00ObIX aByX Touek O u B rena ¢popmyoii (4.10).

OTMmernM, 4TO yIJIOBasg CKOPOCTb W Teda — CBOOOJHBII BEKTOP: V HETr0 eCcThb
BeJINYMHA, €CTh HallpaBJIeHUE, HO HET TOYKHU MPUJIOKEHUSI.

Dopwmysa (4.10) nokasbiBaet, 4TO JJist BBIYUCJAEHUST CKOPOCTH V g IPOU3BOIHHOMN
TOYKH TeJjla — Paclpe/iesieHns CKOpocTeil B Tejie — TpedyeTcs 3HaTh CKOPOCTh Vo
HeKOTOpOoil (ukcupoBanHoii Toukn O TeTa U ero yrioBy CKOpocTh w (puc. 4.2).

Cdopmynupyem u JoKazKeM MOJEe3HbBIH 11 MPUIOKEHUH pe3yIbTaT.

Teopema 4.2. VrioBast CKOPOCTh W pacKJabIBACTCS IO OPTOHOPMHPOBAHHOMY bOa-
3HUCY €1, €3, €3, CBI3aHHOMY C TeJIOM, CJEIAYVIOIITHM 00pPa30M:

3
w = Zwiei,
i=1
wp = (é2, es) = —(82, é3), Wo = (ég, 91) = —(93, él); (4-12)
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ws = (é1> 92) = —(617 é2)-

L] ITpoBegeMm J10Ka3aTeaIbCTBO LIS W1:

w; = (e1, w) = ([ea, €3], w) = (Jw, €], e3) = (&, e3) = —(eq, €3).

HpI/I JOKa3aTeJIbCTBEe HMCIIOJIB30BaHbl BO3MOXKHOCTL B CMEIIaHHOM IIPpOU3BEICHUN

UMKJIMYECKU lepemenarh comuoxurean u (opmyant: (4.2), (4.6), e; = [es, e3].
[

Puc. 4.2
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§ 5. YI'VIOBOE YCKOPEHIUE.
YCKOPEHUIS TOYEK TBEPIOI'O TEJIA

Omnpenenenne 5.1. YT/10BO€ YyCKOPEHUE € TBEPAOTO TEJA CJE/AVIONHM 00pa30oM
orpee IsIeTCst 9epe3 yraoBY CKOPOCTh W

£E=w. (5.1)

Yr/10B0oe yCKOpeHue €, KaK 1 yIJIoBas CKOPOCTh W, — CBOOOJIHbBINA BEKTOP.

Puc. 5.1

Teopema 5.1. Yckopermns j00bix aByx Touek O m B TBepmoro reja cBsi3aHBI
COOTHOHIEHUEM

W5 = Wo + e, ol + [w, w, g, (5.2)
riue p:O_B.

0 Jns nokazarenbcTBa HyzKHO mpomuddepennuposarsh mo Bpemenu t (opmysty
(4.10), ncrob3oBarh onpenenenns 1.4, 5.1 u dopmyay (4.8). B

Canencreue. Ecin gist yckopenust tousku O tena Bermosasiercss Wo = 0, 70 yCcko-
perme 6ol apyroii toukn B Teepioro reja pasao (cMm. (4.11)

WB = [87 I'] + [w7 [w7 I'H = [87 I'] + [wa VB]v (53)
rie r = OB.
Onpenenenne 5.2. Bekrop W, = [€, p| Ha3pIBaeTCsI BPAIIATEILHBIM yCKO-
penueM, sekTop W, = [w, [w, p|] — ocecTpeMuTenbHBIM yCKOpEHHEM.
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@opwmysia (5.2) OKA3BIBAET, UTO JJIsl BEIYUCICHUsT YCKOpeHust W g IPOU3BOIBHOM
TOUKH B Tena — pacupe/ie/ieHnsl YCKOpeHuit B Tejie — TpebyeTcd 3HaTh YCKOpeHue
W nekoropoii ¢pukcupoBannoii Touku O rTejia, yIJIOBYIO CKOPOCTb W TE€JIa U ero
yriioBoe yckopeuue € (puc. 5.1).
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§ 6. IIPUMEPDBI BbIYVICJIEHIM £1
YIJIOBON CKOPOCTU U YIJIOBOI'O YCKOPEHUS

ITpumep 6.1. [Ipsamvasi, cBsizanHast ¢ TE€JIOM, HEPEMEIIAETCs MaPAJLJIEIHbHO CaMOi ce-
0e. TakoMy yCJI0BHIO yA0BJIETBOPAIOT MPAKTHIECKN WHTEPECHbIE CAydan JIBUZKEHUS
TBEPJOTO Teja: BpalleHne BOKPYT HEMOJBUKHOI OCH, JBUKEHUE TJIOCKON (burypo
B IUIOCKOCTH, BUHTOBOE JIBUKeHNe (railka HaKpydnBaercs Ha BUHT). OpPTOHOPMEUDO-
BaHHBLIE OA3UCHI i1, 1p, i3 U €1, €, €3, CBA3AaHHLIE C CHCTEMOIl OTCUETa U C TEJIOM,
BbIOEpEM TakK, 9YTOObI OPT €3 pacHoJiarajics Ha ITOW NPsMOil, a OPT i3 CUCTEMBI OT-
c4érta ObLI Obl 3TOI NMPsIMOIl apaJljie/IeH:

e3 = i3 = const. (6.1)

OpraMm €1, €y 0CTaéTCst BOSMOKHOCTH BPAIIATHCS BOKPYT opTa €3 = iz (puc. 6.1).

Puc. 6.1

OpThl €1, €2 PaCK/IAIBIBAIOTCS TI0 HEMOJABUZKHBIM OPTaM iy, iy cuCTEMBI OTCUETA
CIe Y IOIM 00pa3oM (¢ — yros MexkIy opTaMu iy u €, cM. puc 6.1):

e = ijcosp+ipsing, 62)

ey, = —isinp + iy cos .
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JuddepennupoBanne 3TuX BbhIpazkeHuil mo BpeMenn t ¢ yuaérom (6.1) npuBout K
pe3yabTaTaM:
6 = (—iysinp +ircosp)p = ey, (63
€ = (—ijcosp +ixsinp)p = —e . '
C yuérom coornomrennii (6.1) — (6.3) Borancanm o dbopmysie (4.7) yriaoByo cko-
pPOCTh W Tena:

3

1 .
w = 52[81, ei} =

i=1

([e1, &1] + [eq, &]) = 5 ([e1, €] — [e, €1]) ¢ = ¢es.

N | —
N |

Takum obpazom, B caydae, Korja mpsiMasi, CBA3aHHAs C TEJIOM, TepeMeIaeTcs Na-
pasiebHo cebe caMoil, HAIIpaB/IeHue YIJIOBOil CKOPOCTH

w = pes = we; (6.4)

COBIIaJaeT C IIOCTOAHHBIM HallpaBJI€HUEM €3 — i3, a BeJINYUHA yFﬂOBOﬁ CKOpOCTH
paBHA W = ¢ — NPOU3BOJHON 10 ¢ yTJIa OBOPOTA.
YriioBoe yckopenue € Buraucisiercs mo ¢gopmysie (5.1), mexoas u3 BbIparKeHuii
(6.1) u (6.4):
E=w= gbeg = weg, (65)

TO €CTh HAIIPABJIEHUE YTIJIOBOI'O YCKOPEHUS TaKzKe COBHAJIAET ¢ MOCTOSIHHBIM HaIllPaB-
JIeHHeM €3 = i3, & BeJIMYNHA yIJIOBOTO YCKOPEHHUsI PaBHA € = () = w.

ITpumep 6.2. [Ipgamoii KpyroBoit KOHYC paBHOMEPHO KATHTCS 0€3 CKOIbXKEHUsI 10
miockoctu (puc. 6.2). Tpebyercst HafiTy €ro yriioByio CKOPOCTh 1 YIJIOBOE YCKOPEHHE.

Puc. 6.2

OTcyTeTBHe CKOIbYKeHHs 03HAYAeT, YTO KarKas TouKa A CONPUKOCHOBeHUs KOHYCa,
C ILIOCKOCTBIO MMEIOT HYJIeBYI0 CKOpocTh: V4 = 0. Cropocth Bepumnnl O KoHyca
Bcerja pabHa Hym0: Vo = 0, a CKOPOCTH JIpYyrHX TO4YeK B KOHyca OIpeaeasioTca
dbopmyioii (4.11): Vg = [w, r], r = OB. [l 10uek A COUPHKOCHOBEHHS U3 TO-
ro pesyabrara cieayer: V4 = [w, r] = 0, r = OA, 10 ecrb HAIpaBJICHIE YIJIOBOIL
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CKOPOCTH W JIOJIZKHO COBIIAJIATD C JTMHUEIl CONMPUKOCHOBEHUST: W= we; (€3 — opT, pac-
OJIOZKEeHHbIH HA JIMHAH CONMPUKOCHOBeHHUs). Ec/n u3BecTHA CKOPOCTH KAKOH-HUOYIb
TOYKHM KOHyCa, Hanpumep, nenrpa C ocHoBanus: Vo, — TO HaXOAUTCHA U BEJIMYH-
Ha W yryIoBoi ckopoctu: w = Vg /h, rme h — paccrosnue or touku C' 10 BeKTOPA
w. YrI0BOe YCKOPEHHe € TPOIIe BCEro BBIYUCINTH KAK CKOPOCTH KOHEYHOI TOYKH
F Bekropa w (cMm. Teopemy 1.1): e=w=V . [Ipu paBHOMEPHOM BpAIEHUH KOHYCA
Touka F' ecTh TOYKA TBEDJIOrO Tejla — IJIOCKOCTH {€q, €3}, €3 — OpT, mepIeH/Iu-
KyJspHBIi miockocTu Kadenus. Ckopocts Vp mo dopmyse (4.11) pasua Vp=[Q,
w|, e Q=0e3 — yrumosag ckopoctb miockocru {ey, es}, (2 = Vo /H, puc. 6.2),
w — pammyc-sextop OF. OKOHYATEIBHO: YIIIOBOE YCKOPEHWe £= £€; KOHyCa Ha-
IPABJIEHO TEPIeH/NKY/ISAPHO MIOCKOCTH {€2, €3} (puc. 6.2), a Mo BeJUYUHE PABHO
e=Ww=V2/Hh= (VZ/h*) tga =w?tga (yron a ykazau na puc. 6.2).
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I'JTABA 3
CJIO2ZKHOE /IBU2KEHUE

§ 7. CKOPOCTH I YCKOPEHUE TOYKUA
B CJIO2ZKHOM JIBN2>KEHINN

Onpenesenne 7.1. CinoxkHoe ABUXKEHUE MeXaHHIeCKOr0 00bEKTa 3TO, KOIa, BO-
[EePBBIX, 3a/[aHO JBUXKEHHE TPEXMEPHOIO IPOCTPAHCTBA (IOABUKHOE IPOCTPAH-
CTBO) OTHOCHUTEJIBHO CUCTEMBI OTC‘IéTa, BO-BTODBbIX, 3a/1aHO JIBU2KEHHE O6'beKTa OTHO-
CHTEJIbHO TOJBHKHOTO MPOCTPAHCTBA. XaPAKTEPHCTHKH JBHKEHUST (CKOPOCTb, yT-
JIOBOE YCKOPEHHe H T. J[.) OTHOCHTEJIHHO IOJIBHXKHOIO IIPOCTPAHCTBA HAZBIBAIOTCS Xa-
PaKTepHCTHKAMH OTHOCUTEJIbHOTO JIBUKEHUS, XapaKTePHCTHKH JIBHXKCHHS BMe-
cre C 110ABU2KHDBIM 11POCTPAaAHCTBOM (HpI/I OCTaHOBJICHHOM OTHOCHUTE/IbHOM ,Z[BH)KGHI/II/I)
Ha3bIBAIOTCS XapAKTEPHCTHKAMHA TI€PEHOCHOTO IBUXKEHUSH, XapAKTePUCTHKH J[BH-
?KeHnsd OTHOCHUTEJIbHO HCXO,ZIHOﬁ CHCTEMBI OTCYETa HA3BIBAIOTCS XapaKTepuCTukKaMnu
abCOJIIOTHOTO JIBU>KEHUSI.

[Tycth 06e cocrapisioniie (MepeHoCHast W OTHOCHTeIbHAs) JBUZKEHHs 3a/IaHbl,
CTABHUTCA 33/1a49a OIPEIeJUTh XapaKTePUCTHKHE aOCOTIOTHOIO JTBUKEHIHS.

Jlna marepuaabHOil ToOukH B 3Ta 3aa4a KOHKPETU3UPYETCs CIEIYIONIINM 00pa-
30M (cM. puc. 7.1, nosropsomuii puc. 4.1).

Puc. 7.1

[lepeHoCHOE JBUKEHNE — [OBEJIEHHE [O/IBUKHON CHCTEMbl — OIIPe/IeIsIeTCs. BEKTOP—
dbyuxumsamu ro(t), e1(t), ea(t), es(t). Ornocureaproe npuzKenne TOUKH B — nBuxKe-
HUE OTHOCUTEJHHO MOABUZKHOM cucrembl — onpegensiercs koadbduunenramu yi(t)
PA3JIOZKEHNUST

3
p= Zykelm (7.1)
k=1
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pagmyc—BexTopa p—OB 1o opraMm €;, €3, €3, CBA3AHHLIM C IOJABUZKHOI CHCTEMOIi.
A6comorHoe nBuKenne Touku B 3amaércs popmynoii (puc.7.1)

3

I‘ZI‘O—FP:FO‘FZZMQM (7.2)
k=1

B IpaBoil YacTu KOTopoii HaxoasaTcs nadopmaius ro(t), e1(t), es(t), es(t) o apuzKe-
HUW TOJBUKHON cucreMbl U nHdoOpManus 06 oTHOCUTeNbHOM aBuzKenun Yy (t), yo(t),
y3(t) Toukn B.

JInst BbIMMC/IeHNs XapaKTePUCTUK aO0COMIOTHOIO JBUKEHMA HaJI0 OTAEJbHO pac-
CMOTpEeTh MMepeHOCHOEe JBU2KEHHUE U OTHOCHUTEJIbHOE.

IlepeHocHOe ABM»KEHME TOYKHM — 370 Korja B (7.2) 3adpukcupoBano oTHoCH-
TesibHOE JiBUKeHne: p—const. Iuddepennuposanue (7.2) 1m0 BpeMmenu t ¢ y4éTom
p—const TpUBOIUT K (HOPMyIaM J/Isl HEPEHOCHON CKOPOCTH V o, U IEPEHOCHO-
ro yckopeHust W, — CKOPOCTb U YCKOPEHUE TOUYKH TBEPJIOIO TeJia:

3
Vnep - I..O + Z ykekv (73)
k=1
3
Wiep = o+ Y ykés. (7.4)
k=1

OTHOCHUTEIBbHOE ABUYKEHIE TOYKH — 3T0 Korja B (7.2) 3adbuKcupoBaHo nepe-
HOCHOe JIBH2KeHHue: ro—const, e;—const, es—const, e3—const. duddepernupopanue
(7.2) mo Bpemenu t B 9TOM cJiydae MPUBOAUT K (HOpMy/IaM Jjisi OTHOCUTEIbHOM
ckopoctu V,,; 1 OTHOCHUTEJAbHOTO ycKOopeHusa W,,, — CKOPOCTh U YCKOpPEHUe
TOYKH B HEIOJABUXKHOU CHCTEME OTCUETA:

3
VOTH = Z ykelw (75)
k=1
3
WOTH = Z ykek (76)
k=1

B smreparype ymorpebsgiorcs Tak:ke odo3HadeHus: V., W, s IepeHOCHBIX
CKOPOCTH U ycKopeHust (0T anriuiickoro ciosa endure); V., W, 1Jist OTHOCHTEIbHBIX
CKOPOCTH ¥ YCKOpeHust (0T aHrauicKoro ciosa relative).

B abGconoTHOM OBHM2KEHWM TOYKHU YUUTHIBAETCH BKJAJ BCEX YYaCTHUKOB
CJIOZKHOTO JIBUZKEHMsI: TIOJBUKHOI cucrembl To(t), €1(t), ex(t), es(t) m mepemente-
HUsI TOYKN OTHOCHTENBHO MOABUKHOI cucrembr ¥ (t), yo(t), ys(t).

Teopema 7.1 (0 ciioxkeHuu ckopocreii). ABGCOSIOTHASA CKOPOCTh V 5. TOYKIH B
CJIO?KHOM JOBH>KC€HHHN €CTb CyMMa HepeHOCHOﬁ CKOpOCTI/I U OTHOCHTEJIbHOIH CKOpOCTH.'

Va6c = Vnep + VOTH' (77)
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O Jns mokasarenbcrsa npoauddepentupyem dopmyy (7.2) mo BpemMeHu t u uc-
nob3yeM oboznavenns (7.3), (7.5):

3 3
Vase =To + Z Y€k + Z Urer = Viep + Vo - (7.8)
k= -
‘,1_/ &,-/
Viep Vorua

Teopema 7.2 (0 cio)keHum yckopenuii, reopema Kopuonuca). AGcomror-
Hoe yckopenune W 5. TOUYKH B CJIOKHOM JBHK€HHH €CTh CyMMa IIePEHOCHOI'0 YCKO-
DEeHHsl, OTHOCHTEJIBHOI'O YCKOPEHHs] H KOPUOJINCOBOrO YCKOpeHus (yCKOpeHus
Kopwuomuca)

Wiop = 2[Waep, Vo), (7.9)

[Je Wyep — YIVIOBAS CKOPOCTD IIOJBHKHOI CHCTEMBI:
WaGC = Wnep + WOTH + WKop . (710)

O s mokasarenbcra npoauddepentupyem dopmyay (7.8) mo Bpemenu t (1sa-
Kbl hopmyaty (7.2)), 11 9acTH cIaraeMbiX HCIoab3yeM obosnadenus (7.3), (7.5),
a [/ OCTaBIINXCs cTaraeMbIX obozHadenune Wy, :

3 3 3
Wase =0+ > b+ > iker +2)  5k€k = Wiep + Worg + Wiy,
k=1 k=1 k=1

Wrep Worn Wkop

[Tokazkem, uTo ciaraemble, oboznadeHuble Wy, , IpeodpasyioTcs ¢ UCIOAb30BaHHEM
dbopmya (4.6) u (7.5) k npasoii yactu dopmy.ast (7.9):

3 3 3
2 Z ykek =2 Z yk[wnepa ek] = 2[‘*‘)Hep7 Z ykek] = 2[wnepa VOTH]'
k=1 k=1 k=1

[ ]

Jlng abCoMOTHBIX CKOPOCTH W YCKOPEHHS B JIUTEPAType UCHOIb3YIOTCI TaKiKe
oboznauenust V,, W, wim orcyrcrsue unjekcon: V, W. Jljsg kopuosmcoBa yckope-
Hus — obo3naueHme W..
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§ 8. IIOJIAPHBIE KOOPAVMHATDBI

Touka P nuzkercsa B mwiockocTu. Ha miockoctu dbukcupyercs Touka O u MOIIpHAS
0Cb, HAIIPaBJIEHNE KOTOPO# 3a/1aH0 OpToM iy. [losipabie koopauaaTsl TOUKU P — 310

paccrosaue 1 = OP u yroji ¢ Mex/1y TOISPHOI 0ChIo U pajnyc—BexTopom r = OP
(puc. 8.1).

P

Puc. 8.1

BBeiéM MoABMKHYIO CUCTEMY: OPT €1 PACIIONOXKEH Ha MPAMOIi, 33JaHHONR BEKTOPOM
r = OP, TO eCTb CIIPABEJINBO I' = r'€; OPT €y NPUHAIIEKHUT [IOCKOCTH [[BHZKEHUS
U TEePHeHIUKY/ISPEH OPTY OpPT €1; OPT €3 3aJaéTcd TakK, 4TOObl OPTHl €1, €3, €3
IpeACTaB/IsIn coO0il IpaBblil OPTOHOPMUPOBAHHBI Oa3MHC.

Brenénnas moaBuzKHasg cuCTeMa KOODAWHAT BPAIIAeTCd BOKPYT HETOJIBUKHOM
OCH, 33JITaHHOU OPTOM €3, U B COOTBETCTBHM C pe3yabraTamMu mpumepa 6.1 mmeer
YTJIOBYIO CKOPOCTB Wpep = (€3 U YIJIOBOE YCKOPEHUE Eep = (€3.

[TepenocHoe apu:kenune TOYKM PP — JBUYKeHHWE BMeCTe C TOIBHYKHON CHCTEMOM
(OHO 3a7a6TCsT YTIIOM (), OTHOCHTENBHOE JIBUYKEHHe — JIBUZKEHHUE B MOJIBUKHOI CH-
creme (OHO 337a6TCS KOOPIUHATOI 7).
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Puc. 8.2

CKOpOCTh B MEPEHOCHOM [BHKeHHN (IpPU JIBUKEHHU IO OKDYZKHOCTH) DaBHA
(puc. 8.2)
Vnep - [wnep7 I‘] = @T’[eg, 81] = @reQ. (81)

CKOPOCTDb B OTHOCHTETHHOM JBUKeHHH (pHC. 8.2) —
Vors = 71 (8.2)
AbcomorHas ckopocTh 110 Teopeme 7.1 pasHa (puc. 8.2)
Vase =V =V + Vo =V, +V, (8.3)
(Vo = Vigep = 1, Vi = Vory =7, a €€ Bestmunna —

V2 =72 4 o7 (8.4)

Puc. 8.3

Yckopenue B IEPEHOCHOM [JBHKCHUH (MPH JBUKEHHU [0 OKPYZKHOCTH) COCTO-
WT M3 KacaTelbHOro (Tamrenmumasibmoro)t Wi o m mopmamsnoro Wi (puc. 8.3),
KOTOpbIe paBHbI (mpumep 2.1)

W;ep = [Snep> I‘] = @T[eg, el] = @TGQ,

wr, = [wr[ep7 Vnep] = @270{637 62} = —@27"61.

nep

Yekoperue W, B OTHOCHTENBHOM JBUKEHHU PaBHO (puc. 8.3)

WOTH =Tre;.

! Ta npocTaT aBTopa TEH30pHbIE IyPUCTDI 38 PA3MEIIEHUE MHIEKCOB U II0SICHUTEbHBIX Ha,IITHCeH
TO B BepxHeit gactu dbopmyssl, To B HIKHEH (cM. (1.10), (7.10), (8.5)).
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[Toncuér Kopuonucosa yckopenus W ., IPHBOJUT K CJeJlyloleMy pe3yJbTaTy

(puc. 8.3):
WKop = 2[wHep, VOTH] = 2gb7"[eg, el] = QQOT’GQ

Oxonuare1bHO, aDCOJIOTHOE YCKOPEHUE MPEJICTABISETCs CJIE/LYIONIIM 00pa30M

Wa6c = W= WOTH + wn + W;ep -+ WKOp =

mep

o, . 3 (8.5)
= (F—¢°r)er + (¢r+2¢r)es = W, + W,

Yckopenune pacK/IaIbIBaeTCd Ha JBe OPTOTOHAIbHBIE COCTABISIONINE: Pagua bHASA
W, u TrpancBepcanbrHas W,,. Besnannel, cCOOTBETCTBEHHO, DABHBI

W, =#—¢’r, W, =@r+2pr (8.6)

(cp. ¢ pesysabratamu npumepa 3.1).
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§ 9. YI'VIOBAA CKOPOCTDBb U YIVIOBOE YCKOPEHUE TEJIA
B CJIO2KHOM JIBMN2>KEHINN

Kak u B § 7, paccMarpuBaiorcst cucremMa oOrcyéra, ¢ KOTOPOil CBA3aH OPTOHOPMHPO-
BaHHBI 6asuc iy, iz, i3 (puc. 9.1), u MOABUIKHOE IPOCTPAHCTBO, JBHZKEHHE KOTOPOTO
3a/1aH0 BeKTOopamu Io(t), e(t), es(t), es(t) (pue. 9.1).

Puc. 9.1

CKOpOCTH U yCKOPEHHsI TOUYeK OJBHUZAKHOTO MPOCTPAHCTBA BHIPAKAIOTCS 1O (HOPMY-
aam (4.10) u (5.2) ¢ nucnoab30BaHNEM BEKTOPOB

3 3 3
mep __ mep s mep __ meps _ sqep __ - mep s
Vo, Wy, w —E wy Cig, € —E e, Pl =w —E Wy Pig. (9.1)
k=1 k=1 k=1

OTHOCUTEIHHO MOJBUKHOIO MPOCTPAHCTBA COBEPIIAELT JIBUZKEHUE TEJO, TTOBEJIEHUEe
KOTOPOTO B TMOIBUZKHOM IPOCTPAHCTBE omnpeieneno Bekropamn OB, nj, ny, ng
(puc. 9.1). OTHOCHTENIbHBIE CKOPOCTH U YCKODEHHsI TOYEK Tea BBHIPAZKAIOTCS II0
dbopmynam (4.10) u (5.2) ¢ HCIOTB30BAHHEM BEKTOPOB

3 3
\/8TH7 W(C])TH’ wOTH — E ngH ek, 8OTH — E ngH ek (92)
k=1 k=1

s Beraucsienust mo popmyiam (4.10) u (5.2) abCOTIOTHBIX CKOPOCTeii U YCKOPeHuUit
TOUeK Tesa TpebyeTcs 3HaTh XapaKTepHCTHKH Toukn B: V¢ = Vg u W = Wp,
— ¥ XapaKTePUCTHKU Tesa: w% =w n g0
o dopmyaam (7.7) u (7.10), Hanpumep,

=¢. Bextopnt V¢ u W¢ prraucisiorcs

Vi =Vp = VEP + Vi = Vo + [w"?, OB+ V™. (9.3)
e

B

abc abc

Teopema 9.1. VrmoBas ckopocTh w*’° =w I yri1oBoe ycKopeHne €2°° =¢ Tejta B C10K-
HOM JIBU2KE€HHHU CBsA3aHbl C XapaKTEePUCTUKAMHU II€ePEeHOCHOI'O U OTHOCHUTEJIBHOI'O /IBH-
JKEeHHST CJICJIYIONIIM 00pa30M
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waGC = W = w"eP + wOTH’ (94)
8&66 — g =gl 4 gomH | [Wnep7 wOTH]' (95)

O ITpoussonpuas Touka C' Teqa y9acTByeT B CIOXKHOM JBHZKEHUH U €€ CKOPOCTH B
coorsercrBuu ¢ dopmysnamu (7.7) u (4.10) pasua

V%?c — VC — Vgep + V%TH = VO + [wnep’ T] + V%TH + [(.UOTH, B_C] .
viep ver

Yuér B aroit popmyne OC = OB + BC (puc. 9.1), neperpynnupoBka cJaraeMbixX u
ucnosb3oBanne dbopmysibl (9.3) HPUBOAKUT K Pe3y/IbraTy

Ve = Vo+[w™, OB] + V¥ +[w™ +w°™ BC| =
Vi (9.6)

= Vg [we +w, BO)

Teopema 4.1 rjpacuT: CymecTByeT €JIMHCTBEHHBIN BEKTOD W, TAKOW YTO CKOPOCTHU
JIBYX TOUEK TeJia CBsi3aHbl Bhipazkennem Vo = Vi + [w, BO], cpaBHenue KOTOPOTO
¢ pesyabraroM (9.6) mokaseiBaer dopmyay (9.4). s obocuoBanus dbopmysst (9.5)
npoauddepeHnupyeM 0o BpeMeHH ¢ yII0BYI0 CKOPOCTh

3 3
w=w" L = WP Wy
k=1 k=1

(nmpussedens dbopmyast (9.1), (9.2)):

3 3
. . ep s . .
E=Ww= E w,fplk—l— E ngHek+ E ngHek.
k=1 k=1

K dopmyJie (9.5) npusoant ncnonb3osanne obosnadennit u3 (9.1), (9.2)

3 3

mep __ - ep s OTH _ * OTH

3 = E Wy, 1, e = E Wi e
k=1 k=1

JIJIs TIEPBBIX JIBYX CYMM U Tipeobpa3oBaHue ¢ yIéTom JieMMbl 4.1 mocyieanei cyMMbI:

3

3 3
Z ngH é), = ngTH [wnep’ ek] _ [wnep’ Z ngHek:I _ [wnep’ wOTH]7
k=1 k=1 k=1

— B IOCJIE/IHEM MEepPexo/ie UCHOab30BaHo obosuadenue u3 (9.2). M
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§ 10. PEI'VJIAPHAM IIPEIIECCHS]

Onpenenenne 10.1. Perynsipuas mpernieccusi TBEDPJIOTO Tejla — 3TO CIOXKHOE
JABH2KEHUE, IIDU KOTOPOM IIOIBU2KHAaA CUCTEMAa BpallaecTcsd BOKPYT HGHO,ZIBI/I)KHOI;'I ocHu
¢ HOCTOSTHHOI yIyIoBO#i CKOpOCThIO W"P (€"P = (), a OTHOCHTE/LHBIM JqBHXKCHHEM
TeJia ABJIACTCA TaK>Ke BpallleHueM BOKDYT HGHO,HBI/I}KHOﬁ OCH C TOCTOSTHHOIH yTJTOBOfI
CKOPOCTHIO W™ (€°™ = (), ocH, BOKPYT KOTOPBIX MIPOHCXOJSIT BPAI[EHHUS, IIePEeCeKa-
orcs. IlapameTpsl peryiagpHOil mpeneccuun: yriioBass CKOPOCTh IIPENeCcCUuu
w™P, yrjaoBasi CKOPOCTh COOCTBEHHOrO BpalleHud w’™, yroa Hytauuu 6 —
yroJ Mexky ocsivu Bpagennst (puc. 10.1).

Puc. 10.1

[IycTh B TOJBUKHON cucTeMe BhIOpaH OPTOHOPMHPOBAHHBIN 0a3uC €1, €y, €3 Tak,
qro BhInoTHsAeTCsA (puc. 10.1)

WP — wnepeg’ W™ — 0T (_e2 sin@ + €3 Cos 9) (101)

[Iycth B Tejie BIOpaH OPTOHOPMUPOBAHHBINA 0a3uc Ni, Ny, N3 TaK, YTO B JAHHbIH
MoMeHT Boinosagercs (puc. 10.1)

w™ = w™ (nysinf +nzcosf), w™ =w’"n;. (10.2)
AGcomoTrHas yriopasg cKopocTh w? = w tema mo dopmyaam (9.4), (10.1), (10.2)
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pasua (puc. 10.1)
W = w = w™ + W™ = —w'™eysinf + (WP + W™ cosf)es =
(10.3)

= Ww™nysinf + (W™ + w™P cosf)ns.

Ab6comoTHoe yraoBoe yckoperue £2° = € tema mo dopmye (9.5) ¢ yaérom %P = 0,
€™ = ( pasuo (puc. 10.1)

e3¢ = g= WP, W] = [W™Pez, W™ (—eysinf + e3cosl)| =
= —Ww™PW™e;, €y]sinf = w™P W™ e sinf = (10.4)
= W™ W™, sin b.
DTOT pe3yJIbTaT MOXKHO MOJIYYUTH U 1O Teopeme 1.1:
€ = w=Vp=[w*, OF| = [w", w] = [w"P, WP + w°™| =
= [w™P, W] = WP W™ e sinf = WP W™ n; sind..

ITpumep 10.1. Konyc u3 npumepa 6.2 npu paBHOMEPHOM JIBUZKEHUU O€3 MPOCKAIb-
3bIBAHHsI COBEPIIAET PEryJIgpHyIo mpeneccuto (puc. 6.2, puc 10.2).

Pnc. 10.2

[MonBuKHAS CHCTEMA CBA3aHA C MJIOCKOCTBHIO {€, €3}, CMCTeMa BpPAIAeTCss BOKPYT
OCH €3 € MOCTOSHHOW YTJIOBOU CKOpOCcThI0O w'® . KoHyc B 3TO0il cucTteMe BpaliaeT-
cs1 BOKpYT cBoeit ocu cummerpun OC' ¢ MOCTOAHHOI YIIOBOi CKOpocThIO wl™ . Tpu
YIJIOBbIE CKOPOCTH CBs3bIBaeT Teopema 4.1: w = w™ + w™ (puc.10.2). Abcomor-
Has YIJIOBas CKOPOCTb wW=wey Haiijlena B npuMepe 6.2, BeJWYWHBI JAPYyTUX YIJIO-
BBIX CKOPOCTeil BbIaucsitorcest o Teopeme [udaropa (yroa a ykasan na puc. 10.2):
WP = wtga, w™ = w/ cosa, a st BEKTOPOB BbInoaHsieTcs (puc. 10.2):

OTH

mep __ —wes tg a, w = w(eQ +estg a) E = w2e1 tg a.

w=wey, W
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Jlobasien pesysbTar w3 mpuMepa 6.2 1jist yIJIOBOro yckopenus. /lyist Tperbero ma-
pamMeTpa peryJsipHOil mpeneccun — yriaa Hytanun ¢ — BuinonHsiercs § = a + w/2.
Pacemorpum touku A u B konyca (puc. 10.2):

OA = 0OAe;, OB = OB(eycos2a + ezsin 2a),

— ¥ BBIYUCIUM ABYMs CIIOCOOAMH HX YCKOPEHHSI.
C Touku 3peHus CJIOXKHOrO ABuUKeHus (reopema 7.2, puc 10.3).

OTH

e WAKop

Puc. 10.3

Puc. 10.4
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WA = [, VIP] = [, [0, OA]| = ~OAw este’a,
W™ = [wo™ V7] = [w°™, [w°™, OA]] = OAw?(—estg’a + estga),
WP = 200 Vo] = 2w [P OA]] = 20 Atestela,
W4 =WiP + Wi + WiP = OAw’estga.

WP = [w™ VEP] = [w", [w"P, OB]] = —OBw?eytg’acos2a,
WO = (o™ Vort] = [w°™ | [w°™  OB]] = OBw?(estg’a — estga),
WP = 2[w™ Vo] = 2[w™ | [w’™, OB]] = —20Bw’eytg’a,

Wi = WEP + W9 + WEP = —0Bw?(2essin’a + estga).

C TOYKHN 3peHusi MPUHANJIEKHOCTH K TBEpAOMY Tejry (reopema 5.1 u cief-
crBue u3 Heé, puc 10.4).

W =g, OA] = OAw’estga,

W%C = [w, VA] = O,
Wi =W + W% = 0OAw’estga.

W7 = [e, OB] = OBw?(—2eysin’a + estgacos2a),
W% = [w, Vp] = [, [w, OB]] = —OBw?essin2a,
Wi = WP + W% = —OBw*(2eysin’a + estga).

CpaBreHnue JiByX CIIOCOOOB BBIUUC/ICHNS YCKOPEHUN IIPUBOIUT K BBIBOJLY O XOPOIIEM
COBITQICHUN PE3YJILTATOB.
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§ 11. CJIOKEHUE BPAIIIEHUII TBEPIOTO TEJIA

B § 4 6bu1a BeiBesiena dhopmyta (4.10)

Vp=Vo+w,p, p=0B (11.1)

(puc. 11.1, noBropsiotuuii puc. 4.2).

Puc. 11.1

OrcyrerBue onHOro u3 ciaraembix B (11.1) BbLgessier 0JHO U3 MPOCTHIX JIBHUYKE-
Huit TBEpIOro rena [11].

Onpenenenne 11.1. IlocTtynarenbHoe aBu>KkKeHne TBEPIAOro Tejia — 3TO, KO-
r1a Jrrobast mpsiMasi, CBsI3aHHAsI C TEJIOM, IepeMeNiaeTcsl apaJsiie/;IbHO caMoi cebe.

13 ompesiesieHnsT BBITEKALT, 9TO OPTHI €1, €y, €3 (puc. 4.1), cBsI3aHHBIE C TEIOM, He
MEHSIOTCS BO BpeMs jJBukenus: €, = 0, orkyaa u u3 dopmyst (4.7) win (4.12) cre-
nyer w= 0. 113 (11.1) BugHO, 94TO OPH MOCTYIATETHHOM IBHZKEHHU CKOPOCTH TOYEK
TBEPJOrO Tejia B JII0OOH MOMEHT BpeMeHU ¢ COBIAIAIOT:

Vi = Vo. (11.2)

N3 w= 0 u onpeyenenust 5.1 yrioBoro yckopenusi BoiTekaer €= 0, a u3 hopmyJibl
(5.2) — coBnazenune B 1060 MOMEHT BpeMeHHU { YCKOPEHHIl TOUeK TBEDIOrO Tesa:
Wpg = Wy. Eciin B HEKOTOPBIT KOHKPETHBIE MOMEHT BpeMeHu © Jijis YIJIOBOH CKO-
poctu BeimonHsIeTcss w= 0, To u3 (11.1) cremyer, 910 B 9TOT MOMEHT BpeMeHH ¢
cupaBeiuBo Vg = V. Takoe qBuzKeHne Ha3bIBAETCS MTHOBEHHO IIOCTYHATE b-
HBIM.
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Omupenenenne 11.2. Yucroe BpareHue TBEPOOro TeJjia — 3T0, KOIJa IS CKO-
poctu HeKoropoii Touku O BermonHgercss Vo = 0.

3 onpenenennsa BbITEKaeT, YTO CKOPOCTU TOYEK TeJia

TAKOBBI, KaK, ecii Obl TIPOMCXOANIIO BPAIEHNe TeJla BOKPYT HEIOIBHKHONW ocH (B
9TOM caydae Jyist Jio6oit Toukn O, npuHaIe)Kaleid ocu, BomoaHsercs Vo = 0).
Bajarh 4YmMCcTOE BpalleHne — ykKa3aTbh TOUYKY (), CKOPOCTH KOTOpOil paBHA HYJIO:
Vo = 0, u yrmoByo CKOpOCTh w Tesia. YIJIOBYIO CKOPOCTH W, XOTs OHA CBOOOIHBIM
BEKTOD, B CJIydae YUCTOTO BPAIlleHUs] TPUHATO OTKJIA/IBIBATH OT HEMOABUKHON TOUYKHN

0.

asiee B 3TOM naparpade npejmnosaraeM, 9T0 H3BECTHBI CKOPOCTH V o HEKOTOPOI
touku O Tesa u ero yruoBasi ckopocTh w (puc. 11.1). Ckopocru mpodnx TOUEK
onpeensitorcs mo dopmyse (11.1). C ucnonb3oBaHueM JBYX MPOCTBHIX JIBUKEHHUI,
PacCMOTPUM HECKOJIHKO BApUAHTOB CJIOXKHBIX JIBUZKEHHUI TBEPIOTO Tesa.

1. IlycTh TOUKA MOABHZKHOI CHCTEMBI COBHaJaeT ¢ Toukoit O TBEpAOro Tenia, n
CHCTEMa NepeMelaeTcd IocTynareabno: w™ = 0, oTkyja CIeayer, 4To Jjid TOYeK
TBEpAOrO Tesa cnpaseamuBo VT = V. Tak Kak B OTHOCHTE/NHHOM JBUKCHUH
Tesia BHIOTHsAETCA VY™ = (), TO OTHOCUTEIbHOE JBUKEHUE €CTh YUCTOE BPAIIEHNUE C
YIJI0BOit CKOPOCTHIO (cM. (9.4)) w™ = w — w"™ = w. Beraucienne cKopocTeii TOIEK
B ONIMCAHHOM CJIOKHOM JBHZKCHUH IPUBOJUT K Pe3y/IbTATy

Vi = VI LV = Vo +[w,p, p=0B,

TO eCTh CKOPOCTH B TeJie PACHPe/IeJeHbl TaK, KAK OY/ITO TeJI0 OJHOBPEMEHHO COBEp-
IIAeT MOCTYIATeIbHOE JBUKEHHE BMECTe ¢ HeKOTOPOH ToUKo# O 1 1uCTOe BpalleHune
¢ memoBrKHON Toukoit O (cm. (11.2), (11.3)).

2. CJio>KeHue YUCThIX BpalleHuii ¢ obmeil HenoABUKHOM TOYKOM (CHuTy-
anust pery/sipuoii npeneccun § 10). [ToxBurknast cucremMa coBepIaeT 9ucroe Bpalie-
ane: VAT =0, w™. Tesno B MOABUIKHOI CHCTEME TAKIKE COBEPITAET YUCTOE BPAIe-
ane: V™ = 0, w°™, npn4ém, HemoJBUKHbIEe TOYKH B 00OMX JIBUZKEHUSX COBIAJIa-
tor: O. AGCoOTHOE IBUKEHHe TaKzKe dicToe Bpamenne: Vo = VaT + VI = (),
w = w" + w’™ (puc. 11.2).
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Puc. 11.2

DKBUBAJEHTHOE IIpeobpa3oBaHue. /IBa YUCTHIX BpallleHus ¢ 0OIIeil HermoIBUK-
HO#M TOYKOH MOXKHO 3aMEHHTh UYHCTBHIM BpameHueM. OOpaTHO: YHCTOe BPAIIEHNe
MOXKHO Pa3JIOZKUTDH Ha ABa YUCTBIX BPpall€eHHUA, BBOAA ITOABUZKHYIO CUCTEMY, KaK yKa-
3aHO B 9TOM IIYHKTE.

Puc. 11.3

3. ITapa umcThix Bparmenuii. [loaBu:kHasi cucrema coBepiliaeT 4UCTOE Bpallle-
aue: Vo = 0, w™ = Q. Teqo B NOJABUKHON CHCTEME TaKKe COBEPIIAET YUCTOe

ppamenune: V" = 0, w™ = —Q (puc. 11.3). [omguepkném: yrjioBbie CKOPOCTH
w™ = Q) w™ = —() — yJacTHUKHW JBYX JBUKeHUii — mapa. B abcomoTHOM JBH-

Keann: w = w™P +w™ =Q-Q =0, Vg = V5P + V¥ = [w™ OB] =[Q, OB,
TO €CThb, abCOMIOTHOE JBUZKEHIE — nocrynareibaoe (onpenenenue 11.1), u ckopocTb
mo6oi Touku C' resta papaa Vo = Vg = [, OB]. O6paTHo: nocTynaTejbHOe JBH-
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JKeHHe Tejla CO CKOPOCTBIO V IIpe/cTaBIdeTcs KaK Iapa YACTBIX BPAIIEHHH: BHIOOD
snementa napbl  u Touek O u B HeoaHo3Hauen u noguunén ycaosuio V = [, OB].
OrmeruMm YacTHBIN CIydail mapbl 9UCTHIX BPAIEHU: mapa ¢ HyJIEBbIM ILJIEYOM

— OB || Q (puc. 11.4).

@ 0 B -©

Puc. 11.4

Takas mapa Ha3bIBaeTCsd BEKTOPHBINT HYJb H B 3TOM CIydae TeJo TpeObBaeT B
noKoe: jist ckopoctn Joboit Touku C' Tesa permomasiercss Vo = Vg = [Q, OB] = 0.
DKBUBaJIEeHTHOe npeoOpazoBaHme. CIOXKHOe JIBUKEHNE MOYKHO SKBUBAJIEHTHO
“yestoKHUTEL j100aBICHUEM WM U3bATHEM BEKTOPHOTO HYJIHA: IEPEHOCHOE U OT-

HOCUTEJIbHOEC ABUXKEHHA €CThb YUCTbIE€ BpallleHUA C YIVIOBBIMH CKOPOCTAMM, KaK I10-

KazaHo Ha puc. 11.4.
o «Q_
O

Vo /Q

Pnc. 11.5

4. Ilpon3BoabHOE ABUXKEHMNE TBEPAOrO TEJIA ¢ TOUKHU 3PeHUs paclpe/Iee s
CKOPOCTEii, KaK Caeyer u3 1. 1, pACKJIabIBAETCs HA HOCTYIATEIbHOE U YUCTOE BPa-
HIeHNEe; TOCTYHATebHOe, B CBOIO 09epeb (1. 3), MPeICTaBaseTCs KaK apa 9uCThIX
BpAIlleHUii, TO eCTh, “dJIeMeHTapHOIl JacTuieil ” B KUHEMaTHKe TBEPIOrO Tesa dBJId-
eTcsd YUCTOe BpamleHne. TakmMm oOpa3oM, MPOU3BOIBHOE IBHXKEHHE TBEPIOrO TeJia
€CTh Pe3yIbTAT CA0KeHHUsI TPEX YUCTHIX BPAIICHUN: MOIBUKHAS CHCTEMA, COBEPIIaeT
YUCTOE BPAIEHHUE C YIJIOBOH CKOPOCTHIO €}, OTHOCHTEILHO Heé jpyTras IIOJABHZKHAS
cucTeMa COBEpIaeT YUCTOe BpAllleHHe C yTJIoBOi ckopocThio —S), a B Hell Teso co-
BEpIIAeT YUCTOe BPAIIeHHe ¢ YIJIOBOH CKOPOCThio w (puc. 11.5).

5. Cnoxnoe aBuxkenue TBEpAoro teaa (§ 9). Kak mokasano B mpebiiy-
IeM TyHKTe, DAclpe/ieJeHie CKOPOCTeil TOUeK MOJABHKHON CHCTeMBbl ([IePEHOCHBIE
CKOPOCTH) — €CTh Pe3yJIbTaT CJI0KEeHHsI TPEX YHCThIX Bpaenuii (puc. 11.6), pacmope-
JIeJIeHre CKOPOCTell B TeJie MPU JIBUKeHUN B MOJBUKHON cucTeMe (OTHOCHTEIbHbIE
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CKOPOCTH) — TaKKe Pe3yJIbTAaT CJIOKEHUs TPEX YHCTHIX Bparenuii (puc. 11.6). B a6-
COJIIOTHOM JIBHZKEHHHU PACIIPEIeeHHe CKOPOCTeH B TeJle eCTh Pe3yJIbTAT CJIOKeHUSI
IeCTH YUCTHIX BpallleHuil, yka3aHHbiX Ha puc. 11.6.

OTH

Q) _QOTH

QOH

Puc. 11.6

5. “MHoroca0XKHOEe” IBU>KE€HMe TBEPIAOro Tesa. [loasuxkHasi cucrema co-
BepIIaeT JABU:K€HHE OTHOCHTEJIbHO CHCTEMBI OTCYETA, OTHOCHTEJHLHO STOH IMOIBHK-
HOI CHCTeMBbI COBepIIaeT JIBUZKeHNE /IpyTas MOABUKHAs CHCTeMa U TakK JjlaJjiee, OTHO-
CHTEeJILHO IOCIeJHeH TOABUKHOM CUCTEeMBI COBEPIAET JBUKEeHHIE TBEPIOe Teo. T pe-
Oyercst HAWTU CKOPOCTU TOYEK TBEPIOIO TeJia. PaccyzkjieHust npeibl/yero myHKTa
U UHJYKIUS TPUBOJAST K BBIBOLY, UTO paclpejieieHne CKOPoCcTeil B TBEPJIOM Te-
JIe eCTh pe3yJIbTaT CI0KEHWsI YHCTHhIX BpaIleHWil, KOTOPHIM COOTBETCTBYIOT YyTJIO-
Bole ckopocTH {w;}. Kaxknas yriioBast CKOPOCTh w; MPUJIOZKEHA K HEMOJABUKHOMN JIJIst
JAHHOTO YUCTOrO Bpamierus Touke O;. MHOKeCTBO YIJIOBBIX CKOpocTeil {w;} MOKHO
9KBUBAJIEHTHO MPeoOpa30BLIBATL: IPUMEHIS IBa SKBUBAJICHTHBIX IIPeoOpa30BaHus,
yKa3aHHbIE B 1.2 U 11.3.
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['JIABA 4
CKOJIb3AIIINE BEKTOPDI

§ 12. DKBUBAJIEHTHBIE ITPEOBPA3OBAHUA
1N NX NTHBAPNAHTHI

K rpagunuonHoMy onpejesieHuio BeKTopa (HampaBiieHHBIH oTpe3ok [3]) nobasum
MeHee TPaJIuIHOHHbIC.

Onpenenenne 12.1. IIpuniaoKeHHBIIT BEKTOP — BEKTOD ¢ (DUKCHPOBAHHOH Ha-
qajibHOI TouKOi. CKOJMB3AINIT BEKTOP — BEKTOP, KOTOPHIH MOXKHO IIepeMeIarh
Baob juHANA fAeiictBusa. Ilapa — aBa cKop3gmmx BEeKTOpa a W —a, JHHHH Jeti-
CTBHSI KOTOPBIX MapaJLIeIbHbI, DACCTOSHIE MEXKTy JUHASIMA — I1e490 napbl. CBo-
O0aHBIII BEKTOP — BEKTOD € MIPOU3BOJIBHO TOUKOIH NpuIokeHus. MHOXKeCcTBO BeK-
ropos {a;}, i = 1, N, na3piaercss MHOXKECTBOM CKOJIb3AIINX BEKTOPOB, CC/IH
MHOZKECTBO Pa3peIieHo MoJBepraTh HUXKeC/Ie[yIOI[HM JIBYM SKBHUBAJEHTHBIM IIPEO0-
PAa30BaHUSIM.

13. JTobaBasaTh U M3bIMaTh BEKTOPHBII HYJIb: JBa BeKTOpa {a, —a}, paciojoxeH-
Hble Ha OJHOI npsamoii (puc. 12.1).

a O B -a_

:‘ —
Puc. 12.1

— . -
6)
a B
B)
Puc. 12.2

42



Beenénnoe mpeobOpa3oBaHme 03BOJIFET MEpeMelnaTh OTAeJbHBIl BEKTOp a BIOJb
IPSMOI, Ha KOTOPOii OH paciosozxKeH. s mepemMennenns HyKHO J0OAaBUTh K BEKTO-
py a (puc. 12.2 a)) Bexropubiii Hyab {—a, a} (puc. 12.2 6)) u u3bATH BEKTOPHDIIT
uyab {a, —a} (puc. 12.2 B)).
DKBHBaJEHTHOE IIpeoOpa3oBaHue 13 OnpaB/IblBaeT TEPMUH “CKOIb34IINNi BEKTOP .
23. /IBa BekTOpa a m b ¢ obmeil HavaabHO TOUKOH (O MOXKHO 3aMEHHTH WX
BEKTOPHOI cymmoii ¢ = a+ b (puc. 12.3).

Puc. 12.3

Bekrop ¢, oraoxenusiit u3 Toukn O, MOKHO 3aMEHUTH HA PE3YJIBTAT PA3I0KEHH
110 JIBYM TIPSIMBIM, TIPOXOSAIIAM depe3 104Ky O (IpsiMble  BEKTOP C PACIIOIOZKEHBI
B OJIHOM TJIOCKOCTH, puc. 12.3).

Onpenenenne 12.2. /[pa MHOXKECTBa CKOJIB3SIIINX BEKTOPOB HA3bIBAIOTCsI 9KBUBA-
JE€HTHBIMU, €CJIA OT OJHOTO MHOYKECTBA K JPYVTOMY BO3MOXKEH MepexoJ MTPH ITOMOIITH
npeobpasopanwii 15 m 23.

Onpenenenune 12.3. 'maBHBIM BeKTOpOM R MHOXKECTBa CKOJIB3SIIUX BEKTOPOB
{a;}, i =1, N, maseiBaercss cymma

R=)a (12.1)

i=1

— pe3yJibTaT TaKOro napaJiJyieJIbHOI'O IIepeHOoCca BEKTOPOB a;, 9YTO Y HHUX COBII&JaroT
Ha4YaJIbHbIC TOYKH, H ITOCJIEAYIOIIEro nx CJI02KeHH:.

[1aBHbIt BeKTOp — CBODO/IHBIN BEKTOD, €I'0 TOYKA IPUJIOKEHUS HE OIpeJiesIeHa.

Omnpenenenne 12.4. Moment Myp(a;) BekTopa a; oTHOCUTEeNbHO TOukKuU O
BBIYHCISIETCS 110 hOpMYy.Ie
Mo(a;) = [r;, ail, (12.2)

rae BeKTOp r; mpoBeaéH n3 Toukn O K MpsIMOii, Ha KOTOPOIi paCIOI0XKeH BeKTOP a;
(puc. 12.4).
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Puc. 12.4

Touka O mpuHUMaeTCs 3a HadaIbHYI0 TOYKY MoMeHTa Mp(a;), TO-ecTh MOMEHT —
IPHUJIOZKEHHBIH BEKTOP.

Bameuannme 12.1. CkopocTh TOUKHM B TpU YUCTOM BpallleHUH Teja (OmnpeeieHue
11.2, Vo = 0) ecTh MOMEHT yIJIOBO¥ CKOPOCTH OTHOCHTEIBHO TOYKH B:

Vi = [w, OB] = [w, —BO] = [BO, w] = Mz(w), (12.3)

ucnosb3oBanbl hopmyssr (11.3), (12.2), puc. 11.1, puc. 12.4.

Ompenenenne 12.5. 'maBabiM momeHTOM M MHOXKECTBaA CKOJIB3SIIIHX BEKTO-
pos{a;}, 1 =1, N, massiBaercst cymma Bekropos Mo (a;), ormoxkernnbix u3 touku O:

N

Mo = > Mo(a;) = Y [r;, al. (12.4)

i=1 =1

['maBabIil MOMeHT M Tak:Ke IPUIOKEHHBIA BeKTOp — K TOi Touke O, OTHOCHTEJILHO
KoTOpoi#l Beruncagercda. 3 onpenenennit 12.1, 12.3 BuaHO, ITO TPU IKBUBAJEHTHBIX
npeobpaszoBaHnsax 13 u 25 1JIaBHBIT BEKTOP W TJIaBHBIIT MOMEHT HE W3MEHSIIOTCS.

Omnpenenenme 12.6. [nasabprii Bektop R m riaBabiii MmomenT Mo Ha3bIBarOTCs
BEKTOPHBIMI NHBAPUAHTAMMN MHOXKECTBA CKOJIB3SIHX BEKTOPOB.

Teopema 12.1 (o mepenoce nouiroca). [raBasie MOMEHTBI OTHOCHTEIBHO TOYEK
O u A cBsi3aubl (OPMY.JIOFT

M, = My — [OA, R], (12.5)

rie R — rnaBosrif BEKTOD MHO2KeCTBa CKOJIb3AHIHX BEKTOPOB.

O JToka3aTeibCTBO CJAEYET U3 MOCIeI0BATEIbHOCTH MpeobpasoBanuii (cM. puc. 12.4
u (12.1)):

N N N

My = Z[Pm a;] = Z[H-O_A, a;] = Z[I‘i, a;|—[0A4, Zai} = =Mo—[0OA, R].

=1 =1 i=1 =1
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Teopema 12.1 maér BO3MOKHOCTDL TMPEICTAaBUTH KapTUHY pacIpe/ie/ieHus] TIaBHBIX
MOMeHTOB M 4 O TpOCTpPaHCTRY.

Bameuanue 12.2. I3 dopmyist (12.5) creayer, uro npu R = 0 riaBHble MOMEHTBI
HE MEHSIOTCS MPH Tepexojie OT TOUYKH K TouKe. B 3ToM ciiydae T/iaBHBIT MOMEHT —
cBoOOaHbIHT BekTOp. Takas KapTuHa MMeeT MeCTO Jis mapbl {a, —a} npu Jo6oM
miede — PACCTOSTHUU MEYKJIy JIMHUSIMU, Ha, KOTOPBIX PACHIO/I0KEHBI JJIEMEHTHI MaPhl
an—a.

Jamnee npeanonaraercs R # 0. YkazkeMm HECKOJIbKO cieyorux u3 dbopmyast (12.5)
CBOIICTB pachpe/ie/ieHust IJIABHBIX MOMEHTOB B 3TOM C/IyUae.

1. Ecyim Touku O u A paciioyiozKeHbl Ha IpsgMOii, napaJuiesibHoil R, To 1y1a rias-
HBIX MOMEHTOB BbImoNHsIeTc M 4 = Mo (puc. 12.5).

R A M,
O M,

Puc. 12.5

2. Jlast mo6b1x aByx Todek O m A BBINOJTHAETCS

(R, M) = (R, Mp). (12.6)

Ounpenenenune 12.7. Cranaproe npousseienne (R, Mo) rinasaoro Bekropa R na
ritaBabIii MoMeHT Mo HaspiBaeTcs CKaJSIPHBIM MHBAPUAHTOM MHOXKECTBA CKOJIb-
3A1IHX BEKTOPOB.

Buipaxenne (R, M) unBapuanTHO HE TOJBKO NPHM SKBUBAJEHTHBIX IIPEOOPA30Ba-
HusIX 19 1 239, TaK KaK MHBAPUAHTHBI COMHOYKUTEJIHM, HO U PU BBIYUCIEHUH TJIABHOTO
MOMEHTa, OTHOCHUTEJIBHO pasHbix Touek O u A.

Mo I_IpRMA

Puc. 12.6

3. Ecim mozmenuth coornomenne (12.6) Ha WHBApHAHTHOE YUCTO R — BeTHIHHY
IJIaBHOI'O BEKTOpa, TO B 00enx JaCTsIx IIOJIy4YuM HPOEKHIUU 1JIaBHOI'O MOMEHTa Ha
HallpaBJIEHUE IVIABHOI'O BEKTOPa.:

MprM4 = (R/R, M) = (R/R, Mo) = ITpg Mo (12.7)

45



— eIIé OJIMH UHBAPHWAHT, He MEHSIONIUIICSI U TPH SKBUBAJEHTHBIX MPEOOPA3OBAHUIX
U TIPH [epexojie 0T TOYKHN K Touke (puc. 12.6).

Takum 06pa3oMm, Hpu Hepexojie OT TOYKHA K TOYKE MOXKET H3MEHSIThCH TOJBKO
“riorepedHast” COCTaBJISIIONIAs TJIABHOTO MOMEHTa, W, KOT/Ia TJIABHBIA MOMEHT Iapa.Ji-
nesen riasaomy BekTopy ([R, Mp] = 0), “nonepeunas’” cocraBiasionias paBHa HyJII0,
M BeJIMYIHHA TJIABHOIO MOMEHTa MHHHMAasbHA (puc. 12.6).

Omnpenenenne 12.8. [Ipsamas, st touek B koropoii Beimosasiercst [R, Mp| = 0,
HA3BIBAETCSI OCHI0 MUHHMAJIbLHBIX MOMEHTOB H/IH OCbI0 BUHTA. Benrmunna vu-
HHEMAJIBHOTO IJIABHOTO MOMEHTA DABHA

min My = — (R, Mo). (12.8)
B R

Tepmun — och BuHTA — Oyjer MosiCHEH jgaiee. OCh MHUHUMAJIBHBIX MOMEHTOB Ta-
pajutesbHa [aBHOMY BeKTOpy R (cBoiicTBO 1), mM0TOMY JOCTATOYHO HAHTH OTHY
IPHUHA/IEZKAILYIO eff TOUKY. YI00HO HCKATH TOUKY B, 11 KOTOPOil BBIMOTHIETCS
OB LR, O — rouka, riasabiii MoMenT Mo OTHOCHTE/ILHO KOTOPOil H3BeCTeH. Y MHO-
wnm Mp = Mg — [OB, R], (em. (12.5)) Bexropro na R, ¢ yuérom [R, Mp] = 0 u
OB L R nojyunm pe3yJIbTar:

0= [Ra MB] = [Ra MO] - [R7 [O_B, R]] = [R, MO] _O_B<R7 R) + R(R7 O_B> =
— [R, My — OBR?,

13 KOTOPOro HaxoauTca pacmonoxkenue Touku B: OB = [R, Myp|/R? — u ypabne-
HHUE JJ1d OCH MUHUMAJIbHbIX MOMEHTOB (OCI/I BI/IHTa)

1
R?

r =

[R, Mo] + AR, (12.9)

rjie A — MPOU3BOJIBHBIN BEIeCTBEHHBIT TapaMeTp. B anamuTuyeckoit reomMmerpun u
TEOPETHYECKON MEXaHUKe UCIIOIB3YIOTCs U APYyTHe 10 cpaBHeHuio ¢ (12.9) ypaBuenust
JIJTsT IPSIMO# JIMHUY ¥ OCH MUHUMAJIbHBIX MOMeHTOB |1, 3, 7, 11].
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§ 13. IIPUBEJIEHNE MHOKECTBA CKOJIB3AIIINX BEKTOPOB
K BUUHTY. 9 KBUBAJIEHTHOCTD JIBYX MHOXKECTB

Onpenesnienue 13.1. BunToM Ha3biBaeTCst COBOKYIHOCTD: MPsiMasi JIMHUS — OCh
BHHTA; PACIIOJIOXKeHHbII Ha ocH ckoJib3siinii BekTop R,; pacmosioxkenuprii Ha ocH Mo-
menr Mp orHOocuresbHO TOukn B ocm BuaTa. MOMEHT MO>KeT OBITH IMpeaCTaBIEH
1mapoii, jekarieii B HeprneHAAKY/IIPHOH K OCH BHHTA IJIOCKOCTH. Fcm 3/1eMeHTH a;
— YTJIOBBIE CKOPOCTH, TOBOPST KHHEMATUIECKUIT BUHT, 9JTeMEHTH &; — CHJIBI, TO-
BOpSIT CTAaTUYE€CKUil BUHT.

[ToKazkeM, 9TO HTPOM3BOMBHOE MHOMKECTBO CKOMB3ANMNX BEKTOPOB {a;}, i = 1, N,
[IOCJIE/I0BATEIbHOCTBIO, COCTOAIIEH U3 BBEAEHHBIX B § 12 9KBUBAJECHTHBIX IIPeodpa-
30BaHus 13 u 23, npusoanTcs K BuHTY. /I19 MHOKECTBA {&;}, 1 = 1, N, o dopmynam
(12.1) u (12.4) Beramcasitorcst raaBHbii BekTop R w1 riasubiii Mmoment Mo orHOCH-
TesibHO HeKoTopoil Toukn O. [Ipeanoraraerca R # 0, npu R = 0 BunT He onpeaenén.
Bekropst R, Mo u Touka O no dhopmyte (12.9) 0HO3HATHO 331210T OCh MEHHUMATb-
HBIX MOMEHTOB — oCb BuHTa (onpesesenue 12.8). Bosbmém nekoropyio touky B ocu
BUHTA U KazK/[blil 3;1eMenT a; MHOzKecTBa {2, }, 1 = 1, N, SKBHBAJEHTHO Ipeobpasyem
(puc. 13.1): nobaBum K TOuke B BeKTOpHBIN Hys b {a;, —a;}.

q a M a

1 1

e~ % +{napa}

Puc. 13.1

ay + {napbl}
Puc. 13.2

DJIeMeHT a; SKBUBAJIEHTHO MPEJICTABUTCS B BUJIE BEKTOPA &;, OTJIOKEHHOTO U3 TOY-
Kku B ocn BuHTa, UII0C 1apa {a;, —a; } ¢ momenTom M’ (MOMEHT mapbl — cBOOOTHBI
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BeKTOD, 3amedanue 12.2). TIpojesas 5Ty ONepanuio co BCEMHU JIeMEeHTAME a; MHOZKe-

crBa {a;}, 7 = 1, N, 5KBHBAJCHTHO IpeobpasyeM MHOKECTBO {a;} B IIyJ0K BEKTOPOB

a;, OTJIOKEHHBIX M3 TOUYKM B ocu BUHTa, IJIIOC COBOKYIHOCTH map {a;, —a;} ¢ Mo-

mentamu M’ (puc. 13.2). TIyuok BeKTOPOB &;, OTJIOXKEHHBIX U3 TOUYKU B, 3aMeHum

WX BEKTOPHOIT cymmoii (peobpasoBanue 23). Pesynbrar cjioxKeHus: paBeH MO ompe-
N

jenennto 12.2 rnasuomy Bekropy R = > a;. Ormerum, 4To B JJAHHOM CJIydae 9TO
i=1

BEKTOD, NPUJIOKEHHBIH K TOYKe B 1 HampaBiieHHBIH 10 ocu BUHTA (OIpeesieHne

12.8). Bruaaj nap B riaBHbIi MOMEHT — HYJIEBOIi.

[IpuBeaém nBa pesy/abrata w3 teopun nap [11].

Teopema 13.1. IImeer mecTo 3KBHBAJEHTHOCTh:
{Or maper {a, —a} k mape {b, —b} cymecrByer mepexorx
[IpH TTOMOIIH SKBUBAJEHTHBIX IpeobpazoBanmii 19 u 25 § 12.}
)
{Momentsr M' u M2, coorsercrpytomue napam {a, —a} u {b, —b},
cosnagaror: M' = M? = M}
(] VrBep:kaenne |} cieayer n3 MHBAPUAHTHOCTH TJIABHOINO MOMEHTa MpH Ipeodpaso-
BaHuAX 13 u 23. YTBepxk/aeHue f} ecTb CIeJICTBHE TPEX BCIOMOIATEeIbHBIX (haKTOB:
PH TOMOIIH SKBUBAJIEHTHBIX Mpeobpa3oBanuii 19 u 29 MOXKHO
1. moBepHYTH APy B CBOEli IIOCKOCTH;
2. U3MEHUTH ILJIEY0 HAPbI;
3. mepeHecTu mapy B MapaslieSbHYIO MJI0CKOCTh.
ObocuoBanme 3TuX (HPaKTOB U JJOKAZATETHCTBO YTBEPKICHUS ) PEJIOCTABISICTCS Y-
tarento (cm. [11]). W

Teopema 13.2. /Ise napsr ¢ momentami M m M? MOXHO 9KBHBAJIEHTHO 3aMEHATH
oxHoii napoii ¢ MomerTom M = M*! + M2,

[J Bo3bMéM Ha JTHHAH, TIepIeH THKYIapHoii oqnospemenno M! n M2, nse Toukn A, B
1 B CIIy TeopeMbl 13.1 caemaeM B HCXOIHBIX MapaxX TaKoi SKBUBAJTEHTHBIH MePEXO/T

x mapam {a, —a}, {b, —b}, uTobbI s1emente nap a, b OblLIM IPUIOKEHBI K TOYKE
A, a snementsl —a, —b — k Touke B (puc. 13.3): M! = [AB, a|, M? = [AB, b].

Puc. 13.3

CurozkeHre JBYX BEKTOPOB, NMPUJIOXKEHHBIX K TOUYKe A, U JByX BEKTOPOB — K TOYKE
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B, npuBogut K HCKOMOII Iape: Jijisl [JIABHOLO MOMEHTa BBIIOTHACTCH
M =M'+ M? = [AB, a] + [AB, b] = [AB,a+b] = [AB, c|]. &

Teopema 13.2 1mo3Bo/IsieT BBIYUC/IUTH IJIABHBIE MOMEHT OTHOCHTEJIBHO TOYKH B:
N

Mp = > M'. BkiajJ BEKTOPOB @;, NIPUJIOKEHHBIX K TOYKEe B, B IJIABHBI MOMEHT
i=1

Mg nynesoii. I'maBabrit MomenT M p — MHBapuaHT mpeoOpa3oBaHuii 13, 25 u, Tak

KaK TOYKa B ImpuHAJIEKUT OCH BUHTA, 10 omnpejesnennto 12.6 sBekrop Mp Hamnpas-

JIeH TI0 9TOi OCH W MpeJCTaBuM B BHJe Taphl (puc. 13.3).

[IpoBeénHbIE PACCYKAECHUS JTAIOT BO3MOYKHBIM CUUTATH JOKA3AHHBIM CJIELYIONINI
pe3yJabTarT.

Teopema 13.3. Jl060e MHOXKeCTBO CKOJIB3SIIIAX BEKTOPOB (onpesesenme 12.1) sk-
BuBaJieHTHO (onpenesenne 12.2) punaty (onpegesrenne 13.1).

AJITOpUTM TIpUBEEHNUs] MHOYXKECTBA CKOJIB3ANINX BEKTOPOB {a;}, i = 1, N,
K BHUHTY.

1. ITo dopmynam (12.1) u (12.4) BbruucasgoTCa raBHbil BeKTOp R ¥ ruiaBHBII
MoMeHT Mo OTHOCHTENILHO HEKOTOPOit Touku O:

N

N
R=> a, Moy=) [00; aj, (13.1)
=1

=1

e O; — Touka MpuUIo)KeHus: BekTopa a;. [Ipu R = 0 BunT He onpenesén.
2. TIpu R # 0 dbopmyna (12.9) ogHO3HATHO 33,1a6T OCb MUHAMAJIBHBIX MOMEHTOB
— och BuHTA (ompejesenue 12.8):

1

r =
e A — OpPOU3BOJILHBIN BEIeCTBEHHBIN mapaMerp.
3. K npoussosibnoit Touke B ocu BUHTA NPUKJIAIbIBAECTCH BEKTOP, PABHbIN TIaB-
HoMy BekTOpy R, m Moment, pasubiii BekTopy (cm. (12.8))

(Ru MO)

Mg = 2

R. (13.3)

Mowment Mp mMoxkHO 3ameHuTh napoit {a, —a}, MomenT koTopoii paen Mp (puc.
13.3).

[Ipumepsl MpHUBeIeHNsT MHOKECTBA CKOIB3AIINX BEKTOPOB K BHHTY OYIYT PACCMOT-
penbt B § 14.

Cdopmynupyem u JoKazkeM pe3yabTaT 00 SKBHBAJEHTHOCTHU IO ONpejeTeHnio 12.2
ABYX MHOZKECTB CKOJIb3AIIUX BEKTOPOB.

Teopema 13.4.
{/IBa muoxecrBa ckoub3siux Bekropos {a;} u {b;} sxBubasenTHsl. }

49



{MmuozxecrBa {a;} u {b;} umeror oqurakossie riasablii BekTop R
u riaBHblE MoMeHT Mo orHOCHTETbHO Kakoi-HuOy b Toukn O.}

U VTBepxaenue | caeayer u3 onpejenenus 12.2 S5KBUBAJIEHTHOCTH U (DAKTa WHBA-
puantHocTH BeKTOPOB R 1 M nipu skBuBa/ieHTHBIX Hpeobpa3oBanusix 19 u 23. s
000CHOBaHUS YTBEPKIAEHUS I 3aMeTuM, 4To coBnaienne BeKkTopoB R u Mg Bieuér
COBMAJIEHIE COOTBETCTBYIONIMX MHOKECTBAM BUHTOB (CM. aJrOPUTM), a MPUBEIeHNe
K BUHTY 0OpaTuMo, TaK Kak oOparuMbl mpeobpazoBanus 15 u 23. [Tepexon ot {a;}
K {b;} 310 coBokymHOCTH mpeobpasoBanmii: 0T {a;} K BUHTY U OT OOIIEro BUHTA K

{b;}. &
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§ 14. CTATUKO-KNHEMATNYECKVE AHAJIOT'IN.
ITPUMEPBI ITPUBE/IEHN A K BUHTY

DKBUBAJICHTHBIM MpeobpasoBanusm 15 u 23 (§ 12) — gobapiienue u U3bATHE BEK-
TOPHOI'O HYJIS, CIOZKEHHE U PA3JIO’KeHHe BEKTOPOB C 00Ieil HavaIbHON# TOYKOH —
HEKOTOpbIe (pu3mIecKne 00bEeKThl MOXKHO TOJBEpraThb, a HeKoTopble HeT. [lomoxku-
TesibHbI (KuHeMaTnaeckuit) npumep Obll npuBeaéH B § 11: CKOJIb YIOJHO CJIOKHOE
JBHZKEHHEe TBEDJIOrO Tejia — 3TO (¢ TOYKM 3PEHHsI PACIpeneseHns CKOpocTeii) oj-
HOBPEMEHHOEC y4YaCTHEC BO MHOTHUX YHUCTBHIX BPAIlEeHUAX C YIVIOBBIMH CKOPOCTAMHU W;.
B § 11 66110 060CHOBAHO, YTO K MHOXKECTBY {w;} MOXKHO HPUMEHSATH SKBUBAJTEHT-
Hble Tpeobpa3oBanust 19 u 23. Emé oquH mosoKuTeIbHbI TpuMep (cTaTudeckuii):
MHOKECTBO CUJI, JeficTByIonux Ha TBEPJoe Tej10. [loBejenue Tejia moJHOCTHIO Olpe-
JIeJIEHO TJIaBHBIM BeKTOpOM cuil (§ 16, 3aKOH JBHKEHUsI HEHTPA MacC) W IJIABHBIM
MomeHTOM cuit (§ 17, 3aKOH M3MEHeHHsI MOMEHTa KOJIMYeCTBa IBUZKEHHs W OJHA U3
dbopm 3akona — nuHAMEUecKue ypaBHeHus Diijepa, 1. 8). Oba BekTopa (riaB-
HbI{l BEKTOD ¥ TJIABHBIH MOMEHT) IPU SKBUBAJTEHTHBIX MpeoOpa3oBaHugX 13 u 23 He
MEHAIOTCSI, TTO3TOMY MHOXKECTBO CHJI MOXKHO THM IPeoOpPa30BAHUSAM IOIBEPraTh.
Orpunare/ibHbIl TpUMEp: JBe M30JMPOBAHHBIE MaTepuaJibHbie TOYKH. [Ipu orcyT-
CTBHU CHJI KazKJas TOYKA MePeMeaeTcsi ¢ MoCTOsTHHOM ckopocThbio (§ 15). Ecm xe x
TOYKaM OpuMeHuTh BeKTopHbiii Hysib {F, —F}, cocraBienuslii u3 AByX cuji, mpuaém,
cuna F npunoxkena x oanoit Touke, a cuia —F K jpyroit, To ckopocTn To4Yek Oy IyT
MEHATbCsI, TO-eCTh, J00aBIeHNe BEKTOPHOTO HYJIS MEHSeT TOBeIeHNe CHCTEMBI.

[Ipuna ijIe2KHOCTH YIVIOBBIX CKOPOCTEH B CJIOXKHOM JIBUKEHHHM M CHJI, JefCTBY-
IONUX Ha TBEPJIOE TEJIO, K CKOJIL3SIIMM BEKTOpPaM JaéT BO3MOXKHOCTH abCTparu-
poBaThCA OT (PU3MIECKOH CYIHOCTH OOBEKTOB U MCIOIb30BaTh TEOPHUIO CKOJIb3$I-
IIIX BEKTOPOB, PA3BUTYIO B MPeJbIAYIINX Maparpadax, ¢ IepeHOCOM Oy IeHHBIX
PEe3YyJILTATOB € YIVIOBBIX CKOPOCTeH Ha CcuJjibl U o0parHo. B sroMm m 3akjouaercs
CTATUKO-KNHEMATHUYECKad aHAJIOTUAg. B O6OI/IX CJIydadX MHOXKEeCTBO BEKTOPOB IIpDHU-
BOOUTCA K BUHTY.

Tabmuma 14.1

R Mo | (R,Mp) Kunematuka CraTuka
0 #0 [TocTynmaresnbHOe JBUKEHHE [Tapa cun
#0 0 Yucroe BpalieHne PaBrogeiicTBytomas
#0 KunemaTtnyiecknit BUHT Crarudeckuii BUHT
0 0 [Tokoii Pasnosecne

B rabiune 14.1 npejicraBiieHo, KaK pe3yJ/ibTaTl IIPUBE/IEHUS K BUHTY UHTEPIIPETUPY-
eTcsl B 3aBUCHMOCTH OT WHBAPUAHTOB — BeKTOpHBIX R, Mo u ckanspuoro (R, Mp)
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— B kunematuke (R — yrioBas ckopocrs, Mo — ckopocts Touku O, 3aMeuanue
12.1) u B cratuke (R — cuna, Mo — MOMEHT CHJIBI).

[Ipuseaém aBa npuMepa NPUBEJACHUsS K BUHTY — KUHEMATHYECKHI M CTaTHde-
ckuii. B o6onx mpumepax somosmsiercs (R, Mp) # 0, To ecth, no tabmuue 14.1
PE3yNbTAT TPUBEJCHUS — TIOJTHONEHHBII BUHT.

ITpumep 14.1 [9, 3amaua 4.48]. B opronopmupoBannom 6asuce ij, ia, iz (§ 2)
sajanbl ckopoctu V4 = v(ip +1i3), Vg = v(iy + i3), V¢ = —viz Touek A, B, C:
r, = aij, rg = ais, r¢ = aiz, — TBEpIOro Tesa. HaiiTn KunemMaTuuecKnii BUHT.

13 dbopmysbt (4.10) 1 JaHHBIX 33440 CJIEIYET:

Vi =Vat|w AB), |w, AB] =0, w=kAB=k(rp—r4)=ka(iz —i;).

Moacranoska w B dopmyty Vo = V+[w, AC] (AC = rg—r4) UPHBOIUT K Pe3yJib-
tatam: k = —v/a?, w = (ij —iz)v/a. To dopmy.e (4.10) BeruuCAsIETCS CKOPOCTDH Ha-
qampHoil Toukn O 6asuca: Vo = V4 + [w, AO| = viy, (AO = —ry = —ai,). Cnenysa
3amevannio 12.1, mpuHrMaeM B KauecTBe riaBHOro Bekropa R = w = (i; — ix)v/aq,
taBaoro momenta Mo = Vg = viy u ucnosib3yem aJropuTMm MpPUBEJIEHUsS] K BUHTY
§ 13. ®opmyJia (13.2) 3a1aéT och BUHTA:

1 . .
r — E[R’ Mo] + AR = (Z(/\ll — )\12 + 13/2).
[Tpoeknust hOpMyJIBI HA HANPABJICHUST OPTOB: L1 = Aa, Ty = —Aa, T3 = a/2, — u

HCKJIIOYEeHNe mapaMeTpa A MPUBOANT K OoJiee MOHATHOMY MPeJICTaBJIeHNI0 OCH BUHTA,
x1+ 29 = 0, 3 = a/2. Ha ocu BuHTa pacnonaratoTcs riaBHblil BekTop R u rinaBHbrii
mMomeHT (cM. (13.3)) M:

R:w:(il—iQ)v/a, M:(lg—ll)’U/2

Teno, kak raiika nMpu HaAKPyYUBAHUKM HA BUHT, IEPEMeEIaeTcs BJIOJIb OCH BUHTA, CO
ckopocTbio V = [M| = v/+/2 u Bpamaercs BOKPYT OCH BHHTA C yIJIOBOH CKOPOCTHIO

= |R| = vv?2/a.

IIpumep 14.2 [8, 3amaua 7.12|. B oproHopmupoBannoMm 6asuce iy, iz, i3 (i3 —
HalpaBJIeHHe OT MeHTpa 3eMJIH) Ha pajuomadry jefictByior: cuia Beca G = —G i3,
cuna HaTsoKeHus aHTeHHBI F = F'i; m paBHOAEHCTBYIOIasg CHJI JAaBICHUSA BETPa
P = Pi;. Cunbl npuioxkenbl K Todkam: rg = lig, rp = Hiz, rp = hiz. Haiitu
CTATUYECKUIN BUHT.

Craenyst anropurmy § 13, Berancisiem o dbopmynam (13.1) ruasusrii Bektop R n
rIaBHBI MOMeHT M oTHOCHTENbHO HadaapHOH Touku O 6asmca:

R =Pi + Fi, — Gis, My = —FHi; + Phis.
JaJjiee BbIYHUC/IsIEM BCIIOMOTIATE/IbHbIE 00 bEKTHI

RP=P*+F*+G* (R,Mp) = PF(h— H),
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R, Mo| = PGhi, + FGhiy + (P*h + F?H) i3

u o dbopmy.e (13.2) och BUHTA

. _ PGhii+ FGhis + (P*h + F?H) iy
B P2+ F? + G2

+ AM(Piy + Fiy — Giy).

[Ipoekius opMy/Ibl Ha HANPABIEHUS OPTOB U NPHPABHUBAHUE HYJIO KOOD/HMHA-
THl T3 OPUBOJUT K pesyabraty A = (P?h + F?H)/{G(P? + F? + G?)} u x Touke
IIePeCeueHusi OChI0 BUHTA ILIOCKOCTH {T1, T2}

P(P%h + F?H + G?h) _ F(P*h+ F?H + G*H)
GP +F2+G?) T TGP LFr+GY)

T = .2133:0,

a HalpaBJieHueM ocu BuHTa sBisgercs R = Pi, + Fis — G i3 (apyroe npejcraBienue
ocu BuHTa). Ha 0CH BUHTA PaCHONAraloTCsa: cuia — riaBHbi BekTop R u moment M
mapsl (eMm. (13.3)) ¢ BemunHAME

R=vP i+, M-t H)
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“Hororom, mpoctn Mens! B TBo& BpeMms ThI HAIIET TOT
€JIMHCTBEHHBI MyTh, KOTOPBIH OBLI MpEIeoM BO3MOXKHO-
ro JAJjisi 4ejloBeKa Bejm4afinero ymMa U TBOPYECKON CuJibl...
Ilycts mwkTO He mymaer, uTo Beamkoe co3manue HbioTo-
Ha, MOXKET OBITH HUCIPOBEPTHYTO TEOPHeil OTHOCUTETbHOCTH
niii Kakoi-Hubyap Ipyroit Teopueii. ZlcHble u MIUPOKUE UIEH
Herorona HaBeuHO cOXpaHAT CBOE 3HaUeHUE (DYHIAMEHTA, HA
KOTOPOM TTOCTPOEHBI HAIITH COBPEMEHHBIE (PU3NIECKUE MPET-

crasjieHus’ .

A. Ditamrreitn. Cobpanue HayIHBIX TPYA0B, T. [V. M., n31-80
“Hayka”, 1967. C. 270.

TNHAMUKA

['JTABA 5

OCHOBHBIE SAKOHbBI /IUTHAMUKU B
NMHEPITNAJIBHBIX 1 HEMHEPIINAJIBHBIX

CUCTEMAX OTCYUETA

§ 15. JMHAMUKA MATEPUAJIbBHOM TOYKU

Bseiém ocHOBHBIE TTOHATHSI.

MarepuajbHas TOYKA — reoMeTpudeckasl TOUYKa, KOTOPOil IMOCTABIEHO B COOT-
BETCTBHE TOMOXKUTETHHOE YUCIO M (Macca), He MEHSIONeecss BO BPeMsl JIBUKEHUS
(onpezenenue 1.1). CocTosiHme MaTe€pUAIBHOW TOYKM: €€ MOJOKEHHe I' U CKO-
pocth V.

3onupoBanHasi MaTepuajibHas TOYKA — TOYKA, HE B3aUMOJEHCTBYIOIIAsd C
JIDYTEMHU TOYKAMH.

NuepruanpHasi cucTremMa OTCUYETa — CUCTEMa, B KOTOPOil W30 TMPOBAHHASA MaTe-
pHaibHasi TOYKA JIBUKETCS ¢ MOCTOSIHHOM CKOpOCThIO: V = T = const (mepBbIit
3akoH HeioToHA).

MmnysbcoM — KOJMMYECTBOM JABU2KEHUHA — TOYKM HA3bIBACTCs BbIparKeHUe
Q =mV = mr.

[To mepBomy 3akony HploTOHA aJisi M30JAMPOBAHHOW TOYKH B WHEPIMAJTIbHO
CHUCTEME OTCYETA BbIIOJIHSIETCS

Q = mV = mr = const.
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Y HEM30JMPOBAHHOW TOYKW B MHEPIUAJIbHON CHUCTEME OTCUYETA NMITY.IbC U3~
MEHAeTCH.

Cumnoit F, jeiicryronieil Ha HEM30JMPOBAHHYIO TOYKY (MepOil B3auMoJAeiicTBUS ¢
JPYTUMH TOYKAMH) HA3BIBAETCS IPOU3BOIHAS OT UMITYJIbCA 110 BpeMeHH ¢ (BTOPOIA
3akoH HbioToHa):

Q=mV =mW =mi =F(t, r, ). (15.1)

B HbIOTOHOBOI KOHEYHOMEDPHON MeXaHWKe IPeJIo/IaraeTcs, 9YTo CUJia MOYKeT 3aBU-
CeTh TOJbKO OT YKa3aHHBIX aPI'YMEHTOB: BpeMeHHU ¢ 1 COCTOSHUS TOUKH — IOJTOKEHU S
r u ckopoctu V = r. Jlamee jisa kparkoctu ypasaerue (15.1) Gyaer nMeHOBATHCS
ypaBHeHue HbroToHa.

PaccmorpuM HEM30JIMPOBAHHYIO TOYKY B HEMHEPIMAJIBbHOII CHCTEME OTCUE-
ta. Eciim popmyaty (7.10) mjist yeKopeHust B OABUKHOIT CHCTEMe YMHOKUTH Ha MACCy
m, ¢ yaérom (15.1) mosyunm cooTHOIIEHNE

mW 5. = mW = mWHep +mW o, + mWKOp = F,

13 KOTOPOIi CJIe/Iyer, Kak Hy?KHO TIOAIPaBAThH BTOPoii 3akoH Hpiorona (15.1), arobsr
OH paboTal B MPOU3BOIbHON (IIOIBUZKHOM, HEHHEPIUATBHON) CHCTeMe OTCUETA:

MWy = F + Jpep + Jiop - (15.2)
Bresennbl obo3Hauenns J1is IEPEHOCHONH W KOPMOJMCOBOH CUJI MHEPINM:
Juep = —mMWep, Jwop = —mMWiop = —2m[Waep, Vo, (15.3)
(em. (7.9)).

ITpumep 15.1. Cucrema KOOpAMHAT BpAIAETCs BOKPYT CBOEl BepTUKAJIBHOI och
€3 ¢ yIJoBoii ckopocThio w(t) = w(t)es. MarepuajibHast TOUKa MOXKeT TepeMeIaTh-
Csl BJIOTb OCH €3: I' = yey (puc. 15.1). Ilpu ABUKEHUN TOYKA HCIBITHIBAET TPEHUE
cKONbKeHus ¢ Koddpdunuentom Tpeausa f. CocTaBUTb ypaBHEHUE IBUKEHUST TOIKH.

le, N

nep
0 € £ I
e1 JKOp G

Puc. 15.1
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[Ipu mepexo/ie B MOJABUAKHYIO CHCTEMY BBOJAATCs cuiibl mHepruu (cM. (15.3)):
J7'P — WP = —mWZep — mWZep = Jgep + erp = mw2(t)ye2 + mw(t)yel,

JKOp — _mWKOp — _2m[wnep, VOTH] — 2mw(t)ye1

(eMm. cuHocky Ha crp. 26). Ha Touky JeHCTBYIOT cHIa TpPEHUS CKOJIbYKEHUSI
F = —Feysigny, u cuia tsixxecrn G = —mges (puc. 15.1). IIpoekuunsi ypasue-
uus Herorona (15.1) Ha och €y npusogut K ypashenuio my = mw?(t)y — F. s
BeimanHbl F' cusel Tpenust BuimonHsiercss Fo= fN, f — koaddumument Tpenus
CKOTbKeHust, N — BeJMYrHA HOPMAaJIbHOII peaknuu. /[is BEIYUCTIeHUS HOPMATBHOIT
peakuuu N crupoektupyem ypasaerue Heiorona (15.1) Ha miockocrs {eq, e3}:

0=N+G + J* + J*P = N — mges + mw(t)ye; + 2mw(t)ye;.

M3 noayveHHOrO ypaBHEHHSI HAXOAWTCS HOpMaJjbHas peaknuss N U e€ BeanduHa

2
N = \/m2g2 + (mw(t)y + 2mw(t)g)> . TTo dyukmuu N BBIYACISETCS BEJTUIHHA CH-

JIbl TPEHHUsl, TOJCTAHOBKA KOTOpPOil B ypaBHenue HbioTOHA 1OCIE COKpallleHus Ha
Maccy M MPUBOJNAT K OKOHYATEJTHbHOMY By YPAaBHEHWUs JIBUKEHUS TOUKMU:

j =ty — f\/92 + (w(t)y + 2w(t)?)>zsigny

— HeJIMHeHHOMY HECTAIIMOHAPHOMY OOBIKHOBEHHOMY nuddepeHnnaIbHoMy ypaBHe-
HUIO BTOPOI'O HOPAJAKA ¢ Pa3pbIBHON LIPABOil 4aCThIO.
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§ 16. CICTEMA MATEPUNAJIbHBIX TOYEK.
S3AKOH NUSMEHEHNA NMITVJIBCA

Cucrema cocrout u3 N marepuaynbubix Touek (puc. 16.1). Cuibl B3aumogeiicrBust
MEKJIy JIBYMsl TOUKaMW, MPUHAJJIEKAINMMI CHUCTeMe, Ha3bIBAIOTCsI BHY TPEHHUMU
¥ IPEJCTABIIAIOT COO0it BEKTOPHBIN HyIb: 1B BEKTOPA { Fppyrp, —Fpuyrp b, pacmomno-
2KEHHBIE HA OJHON ITPAMON (TpeTI/Iﬁ 3aKOH HBIOTOHa). Cunbl F o emy, felicTBYIO-
e Ha TOYKHU, IPUHAIJIeXKAIe CUCTeMe, U BhI3BaHHBIE B3aUMOJIefICTBHEM C TOYKA-
MU, He MPUHAJJIEKAIMME CUCTEME, Ha3bIBAIOTCS BHENTHUMM.

_FBHyTp

FBHyTp

Puc. 16.1

Onpenenenne 16.1. lleHTp MHEPIINU CHCTEMbl MATEPHAJIbHBIX TOYEK BBIYHCJIS-
ercst 1o ¢popmy.ie

1 N N
re = E Zmiri, m = Zmz (161)
i=1 =1

st TBEpOro Tesia BMECTO TepMHHA ‘TEHTDP HHepHuu yHOTPEOJISIeTCsT TePMHH
“rrerTp macc”.

HeHTp uHEpPIUHU paclojaraeTcd “BHYTPU CHCTEMbl MAaTEPUAJIbHBIX TOUYEK: IIPHHA/I-

N
JIEXKAT BBIILYKJIONH 0GOJIOUKe CHCTEMbl — MHOXKECTBY TOYeK I' = » \r;, A; > 0,
i=1
N
YA =1 (N = m;/m). lloBenenne neHTpa WHEPIUU ONPEJENsieT “I0 KPYITHOMY”
=1

1=
noBeaeHue CUCTEMbI MaTePpUAJIbHBIX TOYEK.

Omnpenenenne 16.2. UMIyabC — KOJMYECTBO ABUXKEHUSI — CHCTEMbI MaTe-
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PHaJbHBIX TOY€K BBIYHC/IACTCH 110 d)OpMYJIe

N N
=1 =1

VMIyibe cuCTeMbl — TVIaBHBI BeKTOp (ompenesnenHue 12.3) MMITYJIBCOB OTAETbHBIX

TOYEK — W sIBJISIETCSl CBOOOJHBIM BEKTOPOM (C HEONPeJeJEHHOM TOYKOM MpH/IozKe-
N
uust). U3 (16.1) creayer mro = Y m;r;, a nocie auddepeHnupoBanus mo Bpeme-
i=1
HU ©:
N

N
mic =mVe =Y mit; =Y mV,;=Q, (16.3)
i=1 i=1

1=

TO €CTh, UMITYJILC pearupyeTr TOJIbKO Ha JABU2KEHHUE HEHTPpa UWHEPIIUHU:

Huddepenuuposanne 1o Bpemenn t coorHomenus (16.3)
N N
ke = Ve = Som =3V =@
1=1 i=1
yuér ypasaenusi Hprorona (15.1) (szz — mi; = Ferems 4 Frme)

N N N
Q = mVC’ = mWC = mf‘c = Z mzrz = Z szz — Z(F?Heum + FnyTp>
i=1 i=1 i=1

N
M TOTO 06CTOSITENILCTBA, UTO “neficTBue paBHo nporusogeiicreu’ (Y FI™W™ = 0),

1=
NMPUBOJUT K 3aKOHY M3MEHEHUS MMMOYJhCA — KOJUYECTBA ABUXKEHUSA — W K
3aKO0HY JIBU2KEHWS II€EHTPA WHEPINNI

Q — RBHGHIH’ mWC’ — RBHGIHH’ (16‘5)

oboznaveno RP™*™ — pjiaBHBINl BEKTOD BHENIHUX CHUJI, JEHCTBYIONIMX HA CUCTEMY:
N

Rerem — N Frremt - Eeng npoekuus RE™ gexropa RPM pa HEKOTOPOE Ha-

npaBJIeHne ZglpaBHa HYJII0, TO UMEIOT MeCTO 3aKOH COXPaHEHUs MMIYJIbCa —
KOJIMYECTBA JBU>KeHUs: (), = const, — ¥ paBHOMEPHOCTH JBUKEHUS B 3TOM Ha-
IpaBJIeHNN [eHTpa WHepnuu: V, = const.

Ecnn nMmysnbe m ycKopeHHe TeHTpa WHePIUH U3MepSITCd B HeMHepIuaIbHON
CHCTEMe OTCYETa, TO HAJO K KayKJ0# TOuKe N06aBUTh cuiibl nHepnuu (15.3) u moba-
BUTH B IIpaBble dacTi 3aK0HOB (16.5) ruraBubie BekTopbl R™P | R*P nepeHoCHbIX 1
KOPHOJIMCOBBIX CHJI mHepiun. BerancanM, Kk npumepy, R*P (cm. (15.3) u (16.3)):

N N
R = =23 mifw™, VI™] = 2™, 3 m Vi) = —2mlw™, Ve,
=1

i=1
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AHajlornyHble BBIYUCJICHAS /s IJIABHOIO BeKTOopa R™P mpuBOAAT K pe3yJbTaTy

R = —mW/P | 10 ecrp, monpasku B 3akonsl (16.5) npu mepexoje B HEHHEp-
IUa/IbHYIO CUCTEMY KOOPJAMHAT pearupylorT TOJbKO Ha II0BE/eHUe LEeHTPA UHePLUU:
R*P = —2m[w™P, V] R = —mWgP.
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§ 17. BAKOH USMEHEHNA MOMEHTA NMIIVJIbCA.
JANMHAMMKA IIJIOCKOI'O ABU2KEHN A

Onpeaenenue 17.1. MoMeHT UMITyJIbCa — MOMEHT KOJNYECTBA JABUXKEHUSI,
KUHETUYECKUi# MOMEHT — CHCTEeMbl MATEPHAJIbHBIX TOYEK OTHOCHTEJIBHO TOYKH
O Beramcasiercst mo ¢opmy.ie

N

KO = Z[I’Z’, sz,], (171)

i=1
rje BeKTop T; nposeién u3 roukn O K MarepuasbHOH TOYKe HOMEp i (cM. ompese-
Jterne 12.4).

Mowment nvmysbca Ko cucremsl siBiisiercst riiaBHbIM MOMeHTOM (omnpejesenue 12.5)
UMIIYJIbCOB OT/IeJIbHBIX TOYEK M MPUJIOZKeH K Touke (), OTHOCUTEIBbHO KOTOPOH MO-

MEHT HMITY/IbCa BhIYHCasteTcs (puc. 17.1).

Puc. 17.1

N3 Teopemnr 12.1 ciepyet hopMyia mepecuéTa MOMEHTa HMIYJIHCA IPH TTePEX0oe OT
touku O k apyroii Touke A (cm. (12.5)):

K4 =Ko — [04, Q] (17.2)
Q — UMIYJIbC CHCTEMBI.

Hunddepennmporanne 1o BpeMenn t coorromrenust (17.1)

N N
Ko = Z[rz‘, m;Vi] + Z[% m; Vil
i=1 i=1
yuér ypasuenus Hoorona (15.1) (m;V,; = Frrems LRy hopmyast ; = V,— Vo
(em. (1.8) u puc. 1.2)
N N
Ko =) [r, Frmems 4 PP 43 [V, — Vo, miVi],

i=1 =1
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a TaKzKe TOro OOCTOSATEJNBCTBA, ITO JIJII MOMEHTOB BHYTPEHHHUX CHJI BBITOTHACTCS
N

BHYTD] _
> [ri, F2™] = 0, npuBoanT K 3aKOHY M3MEHEHUsI MOMEHTA MMITYJIbCA — MO-

=1
MEHTAa KOJIn4YeCTBA JABUXKEHNA, KNHETUNYECKOTIO MOMEHTAa
y BHEITH
KO = MO - m[Vo, Vc] (173)

CHCTeMBbl MaTepUaJbHBIX TOYeK, obo3HadeHo MZ™ — rjaBHbIl MOMEHT BHENIHUX
N
cuit, efcTByomuX Ha cucremy: Mgem = 5 " [r;, FPe™ |y pcnonb3oBana Hopmy-
i=1
N
na (16.3): > m;V, = mV¢ (C — nentp uuepiun cucremsr). OTMETHM J1Ba MTPAKTH-
i=1
YeCKU BAaXKHBIX CJIydast, Korja 3akon (17.3) ynpomjaercs

{ - Vo = % }:» Ko = My©". (17.4)

Ecan mpoekmusa M2 BexkTopa MZ™ Ha HEKOTOpOe HaImpaBJeHHE Z PAaBHA HY-
Jio, T0 B curyaiuu (17.4) nmeer MecTo 3aKOH COXPAHEHUSI MOMEHTA MMILYJIbCA
(MOMeHTa KOJIMYeCcTBa ABUXKEHNS, KHHETHYECKOIO MOMEHTA) — MOMEHTa OT-
HocuTeJbHO ocu z: K, = const.

Eciu ckOpocTH TOYeK, a 3HAYHT U MOMEHT mMIiy/bca (17.1) m3mepsiorcs B
HeHHePIHATbHON CHCTeMe OTCUéTa, TO HAJI0 K KazKI0il TOUKe TO0OABUTH CUJIBI HHED-
uuu (15.3) u pobasurs B npasele gactu 3akoHoB (17.3) u (17.4) raBHble MOMEHTBI
Mg?, MgP

o s MG” 1mepeHOCHBIX H KOPUOIMCOBBIX CHJI HHEPIHN.

Paccmorpum ucnosb3oBanme HemHePINAAbHO CUCTEMBI JIJIsi COCTaBIeHWST JTMHA-
MUYEeCKNX YPaBHEHUiIl B ILIOCKOM aBuKeHuU. [[10cKoe TBEpI0OE Tesio coBep-
AT JBUKEHHE B IIOCKOCTH TIOJ JeHCTBUEM M3BECTHBIX Cu (puc. 17.2).
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€

Puc. 17.2

[MonBuzKHAs cucTeMa mepeMernaercs mocrynareabno: w"P = 0 (ompenenenne 11.1),
OJIHA M3 TOYEK CHCTeMBbI coBragaer ¢ Toukoil O tena. C MOABUKHON cHCTEMOI CB4-
ZKEM 6a3I/IC3 OPThI €1, €2 PAaCHOJIOXKEHbI B IIJIOCKOCTH [ABHUXKCHHA, OPT €3 IIepIeHau-
KyJISpeH IJIOCKOCTH. Y TJIOBasg CKOPOCTh W TeJja B ILJIOCKOM JIBUKCHUU HaIpaBJICHA
10 OPTY €3: W = wes, BeJIMINHA YIJIOBOH CKOPOCTH paBHA w = (p — IMPOU3BOIHON 1O
Bpemenn t yruia moopora (nmpumep 6.1, (6.4), puc. 6.1, puc. 17.2).

B nmoasuzKHOI cucTeMe TeJ0 BpallaeTcs BOKPYT HEIOIBUKHON OCH €3 C yIJIOBOM
ckopocThio (eM. (9.4))

OTH

W = w — WP =w =wez = pe; (17.5)

(yareno w™P = 0). B moABM:KHON CHCTEMe MOMEHT MUMITYJIhCA OTHOCHTEJNBHO HEMo-
nBHKHOM Touku O paBeH:
N

Ko = [ri, miV] = % mi[r;, [w, ;] =
i=1 i=1 (17.6)

N N
=Y mi{w(r, ;) —1i(w, r)} =w > mir? = low,
=1 =1
ucrnonb3osana dopmyna (11.3), yareno, uro w L r;, BBeJeHO 0GO3HAUEHUE I MO-

N
menTa uneptuu Iy = Y. m;r?. B noasmxknoii cucreme Beaejicrsiue w™ = 0 cnpa-
i=1
seyuBo WP = W, mostomy Jyis [JIABHOTO MOMEHTA NMEPEHOCHBIX CHJI WHEPIIUH
seinonusiercst (em. (15.3), (16.1)):
N N
mep mep] __ § : _ VaYal

MO = E [I‘Z‘, —’I"I'LZ‘NZ ] = —[ m;r;, Wo] = —m[OC’, Wo] (177)

i=1

=1
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Besencrsue ke w™P = 0 /1 TJIABHOTO MOMEHTa KOPHOJIUCOBBIX CHJI WHEDIUH Bbl-
nonustercs (cm. (15.3)):

N N
MG =D lrs, =maW] = =23 il [, VO = 0. (178)
=1

i=1
[Toxcranoska coornomenunit (17.6) — (17.8) B 3akon (17.4)
Ko = M2remt 4 MEP 4 MEP

B HEMHEePLUaJIbHON cucTeMe KOOPAUHAT HPUBOIUT K Pe3yJIbTaTy

Tow = M2ems _ i [OC, Wo. (17.9)

O6parum BHEMaHue, 4r0o B (opmyse (17.9) ygacrByer He ckopoctb Vo Touku O
Tesia, a eé yckopeane W . OTmeTnM J1Ba MPAKTUIECKN BaZKHBIX CIydasi, KOT/1a, 3aKOH
(17.9) yupomaercs

1. Wo = 0,
2. 0 = C

} = low = Mg, (17.10)

B ckansgprom Buze ypasuenue (17.10) ¢ yuérom (17.5) 3ammchiBaeTcs Creay oM
obpazom: Iog = ME™™™, Tlocse qobaBienns 3aKOHA JIBUKEHHs TeHTpa Mace (16.5),
HalpUMEDP, B POEKIUSIX HA OPTHI €1, €9, MOJIy9aeTCsl MOJIHbIH HA0OD JUHAMUYECKUX
ypaBHEHUH MJIOCKOTO JIBUYKEHUSI:

mi = REFCmt = RPEmE [0 = Nfgnemn, (17.11)

e T, Yy — JIeKapTOBbl KOOPJMHATHI IeHTpa Mace (§ 2), RpFem, Ry — mpoexiun
[JIABHOTO BEKTOPA BHEINTHUX CHJI HA OCH JEKapToBOii cucrembl, Touka O B (17.11)
BeIOpaHa B cOOTBeTCTBUE ¢ ycaoBusamu (17.10).
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§ 18. 3AKOH U3MEHEHIS KUHETUYECKON SHEPT U

Onpenenenune 18.1. Kunetuueckasi SHEPTrusi CUCTEMBI BBITHCISIETCS IO (hop-
MyJIe

1 N 1 N
— E ‘/2 — E V. V
T = 5 - m;Vv, = 5 2 mz( iy z) (181)

,Z[I/I(b(l)epeH'IH/IpOBaHI/Ie (18.1) mo BpemeHnu ¢ mpUBOIUT ¢ YIETOM ypaBHeHHst HpoTOHA
(15.1) (m;V; = F;) K BBIpaKeHnuto

N N

dt 4 :
i=1 =1

Ob6osznavenne N MosICHSIET CJIeLIyIOIIee

Onpenenenue 18.2. Momiaocts N cui, JeHCTBYIONAX HA CHCTEMY MaTepPHAIb-
HBIX TOYEK, BBIYHCISIETCSI 110 (bopMy.ie

N
N=> (F, V), (18.3)
i=1
e V; — CKOpOCTh TOYKH, K KOTOpOoH npuiaoxkeHa cuia F;.

Onpenenenne 18.3. Duiementapuass pabdora 0 A cu, JefcTBYOIHX Ha CACTEMY
MaTepHAJTbHBIX TOYEK, BBITHCISETCS 110 (hOpMYJIe

N

0A = (Fy, dry), (18.4)

i=1
e dr; — mepeMerneHre TOYKH, K KOTOpOiH npmiaoxkerna cuia F;.

Yumuoxkenne (18.2) na dt ¢ yuérom V;dt = dr; u (18.4) npuBoauT K 3aKOHY M3Me-
HEeHUs KNHeTU4ecKoii sHepruu B auddepeHnunaabHoii popme:

dT = S A. (18.5)

[Iycth cucrema Bpemst t € [t1, to] mepememaercs o mytu r;(t).

Onpenenenne 18.4. Pabora Ao cir Ha myTn r;(t) cHCTEMBI MATEPHATBHBIX TOYEK
3a BpeMs t € [t1, to] Berumcasiercst mo popmyte (em. (18.4))

Apy = /: §A = /: ﬁ:(]_:‘ dr;) = /: ﬁ:(Fi(t, r(t), £(t)), Vi(t)>dt. (18.6)

Unrerpuposanue dopmysr (18.5) mpuoaut ¢ yuaérom (18.6) K 3aKOHY N3MEeHEHUsT
KMHETUYECKOIl SHEPruu B MHTErpajbHoil dopme :

TQ — T1 = Alg. (187)

64



Ormernm, uro pabora, KoTopas 1o 3akoHaMm (18.5) u (18.7) MeHsSeT KHHETHIECKYIO
SHEPIUI0, COBEPIIACTCA HE TOJIBKO BHEINIHUME CHJIAMHU, HO U BHyTpeHHuMEU. Hamnpu-
Mep, €CJIU IPYKUHY MEZK/LY JBYMsl I'Dy3aMU PACTSHYTh U IPY3bl U3 COCTOSIHUSI TOKOsI
OTIYCTUTh, TO KayK/Jasi BHYTPEHHssI CUJIa HAYHET COBEPINATH IIOJIOKUTEJIbHYIO Pa-
6oTy, U KHHeTHYeCKasi SHeprusi mo 3akony (18.7) ysennmanrcst.

Eciu cuibl, JeficTBYOne Ha CUCTeMY MaTepHAJbHBIX TOYeK, paboThl He COBEP-
maior (Ajp = 0), To KuHeTHYeCKast dHeprusi coxpansiercs: B (18.7) Ty = Ty (cm.
npumep 18.2).

[TpuBeéM pe3yabTaT, IOMOTAINMIA BEIYUCAATH KHHETHUECKYIO SHEPIUIO CHCTEM
MaTepuaIbHBIX TOUeK. Ecau cuereMa cOBEpIIAeT CIOXKHOE ABUYKEHHE, TO IOJACTA-
HoBka ckopocru V; = VI + VO™ gaxioit Toukn (em. (7.7)) B Boipaxenne (18.1)
[PUBOJUT K PE3Y/IbTATY

N N
1
_ _ 1Ie, OTH nep OTH

=1

Onpenenenne 18.5 [11]. IHoasmknas cucrema HaspiBaercs cucremoit Kéumnra
IIpH BBIDOTHEHHH CJIEAYIONIAX YCIOBHIL.
CI/ICTeMa JABH2KETCA HHOCTYyHAaTe/IbHO:

1. w™ = 0.
Onna n3 touex O MOABHKHON cHCTEMBI cOBHaAaeT ¢ ieHTpoM nHeprun C' cacTeMEl
MaTepHaJIbHEIX TOYEK:

2.0=C.

Jna cucrembr Kénura cupasenuso VP = Ve u, kKak cieacrsue:

N
1 1
e nep nep 2
T7P = 5 E m;(V; P, VIP) = émVC. (18.9)

i=1

Beraucsenne nocieanero ciaaraemoro B (18.8) B cucreme Kénura ¢ yuérom (16.3) u
VP = Vo upuBoaut K BBIBOJY, 4TO 3TO claraemoe Beaeactsue VI = 0 paBHO
HYJIIO:

N N
S miVI, V) = (Vo, S _miVe™) = (Vo mVE") =0 (18.10)

=1 =1

[ToacranoBka pesyabratos (18.9) u (18.10) B dbopmyay (18.8) maéT BO3MOKHOCTDH
CYUTATD, UTO JOKA3AHA

Teopema 18.1 (teopema Kénura ajisi cucrembl MaTepuajabHbIX TOYEK ). K-
HeTHJecKasi SHePrusi CHCTEMbBI MaTepHAJIbHBIX TOUYEK PaBHA:

1
T = GmVg+T°, (18.11)
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rie T°™ — guHeTHYeCKass SHEprusl B cucreMe KEHura (IBHXKyIIeicss HoCTynaTe bHO
co ckopocThio V¢ MEHTPpa HHEPIHH).

ITpumep 18.1. Boruucanrh KUHETHIECKYIO SHEPTHUIO 1enu Besocunena (puc. 18.1).
CxopocThb Bestocunena V', Macca memnu m, pajauyc 3ajJHero Koieca R, paanyc 3agHeit
mecrepénku . Konéca karsirest 63 npockaJib3blBaHUsI.

Pnc. 18.1

VrI0Basg CKOPOCTH 3aJHEr0 KoJieca W 3ajHeil mecrepénku pasaa w = V/R. Takas
JKe yIJI0Basi CKOPOCTh 1 B cucreme Kénnra (w"P = 0). Besmaunnsr ckopocreit Towex
nenu B cucreme Kénura pasubt VO™ = wr = Vr/R. Teopema Kénura npusoaut K
orBery (cm. (18.11))

1 1 r2 1 R?+1r?
T=-mV? 4 mi V2= "
UL 2" e

V2

Ecnm cucrema MaTepua bHBIX TOUYEK €CTh TBEPIOE TeJ0, JJId KOTOPOTO U3BECT-
HBI CKOPOCTH V¢ MEHTPa MacC U YIJIOBasi CKOPOCTh w , TO B (opmye (18.11) Kom-
kperusupyercs 1°™. Benejcrsue w™ = 0 B cucreme Kénura mpoucxojur qucroe
Bpaienue (onpezenenue 11.2) ¢ yrioBoii ckopocrbio w®™ = w (puc. 18.2).

Puc. 18.2
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Benmamna ckopoctn V™ Toukn Tesa B cucteme Kénnra pasna V,°™ = h;w, rue h; —
PACCTOSHME OT TOYKH [0 JIMHHH, IIPOXO/sIeil depe3 meHTp mMace C' mapasieabHo
BekTOpy w (puc. 18.2). Kunernueckast sneprust T°™ B cucreme Kénura pasna:

N

N

1 1 3 1

ToTH _ 5 E mi(‘/;nep>2 _ 5 mih?WQ — 5 ww27 (1812)
i=1 =1

N

BBeJIeHo obo3Havenue I, = Y. m;h? 1 MOMEHTA MHEPIUMH OTHOCHTENLHO Mapai-
i=1

JIEJIbHON BEKTOPY w OCH, mpoxojgineil depe3 nenrp Macc C' rena. [logcranoBka pe-

syabrata (18.12) dopmymy (18.11) maér BO3MOKHOCTD CIHTATDH, YTO JOKA3AHA

Teopema 18.2 (Teopema Kéuura njsi TBEpaoro resa). Kunernieckas SHEPrHsi
TBEPAOIO Tejaa paBHA:
1 2 1 2
T = §mVC + g Lo, (18.13)
rae Vo — BemmumHa ckopoctH meaTpa Mace C' rejla, w — BeJIHYHHA YIJIOBOI CKOPO-
cru Tejia, I, — MOMeHT uHepIuu Tejia OTHOCHTEILHO MapaJljleJIbHOH BEKTOPY W OCH,
npoxogsieri depes nearp macc C.

ITpumep 18.2. OpHOpOAHBIH UCK MacChl M, pajaunyca R karurcst 6e3 mpocKaIb3bi-
BaHMsI [0 TOPU30HTAIBHOMY peJibey (puc. 18.3). Hauanbaast cKopocTh 1eHTpa Mace
C mucka pasHa Vy. BeraucanTsh ¢cKOpocTh HEHTPa Mace AucKa Vo npu gaabHeiem
JIBUZKEHUN.

Puc. 18.3
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Cuna taxectn G, paBHOJEHCTBYIOIAsA KOTOPOil IpuaoKeHa B meHTpe Mace C) pa-
GOTHI He COBEPINAET, TAK KaK TOYKA MPHJIOKEHHs CHJIBLI I€PEMEIaeTCsl HepIeH Iu-
KyJasipao cuiae (em. (18.4), (18.6)). 13 (18.4) cieayer, 4ro u3-3a OTCYTCTBHS IIPO-
ckasb3biBanust (Vp = 0) cuina peakunu F (puc. 18.3), Takzke paboThl He COBEPINAET:
0A = (F,dr) = (F, Vp)dt = 0, T0 ecTh, B CHJIy 3aKOHA W3MEHEHUs KWHETHIe-
ckoii suepruu (18.7) KuHeTHvecKas SHeprus JuUcKa He MeHsercs. [1o Teopeme 18.2
KHHETHYECKasd SHeprus IUCKa paBHA

2

1 1 1 11 Ve 3

T=-mV2+ -Icw?=-mV2i4+-—-mR*| =) = "mV?

2 C 9 2 ¢ T 29 R 4@

YUTEHO, UTO JIJIA IUCKa BRIOIHAeTCA: [ = mR? /2, w = V¢ /R. Tak Kak npu JBuzKe-
.3 2 _ 3 2

HAYM KHHETHYecKas SHeprus He MeHsercs: 1 = vac = ZmVO , TO CKOPOCTD IIEHTPA,

MAaCC JIMCKa TaKzKe OCTaércd Hems3MeHHoi: Vo = V.
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§ 19. IOTEHLIMAJIBHBIE CI1JIBL. 3AKOH U3MEHEHU A
I[IOJIHON MEXAHUYECKON SHEPI'UU

[Tonoxkennsi MaTepuaabHBIX TOYEK ONPeJIe/IeHbl paJunyc—BeKTopamu r;, ¢ = 1, N.

Ounpenenenne 19.1. Ecim cuaer Fi(t, vy, ..., ry), gefictByomue Ha OTACIbHBIE
MaTepHaJIbHbIE TOYKH, HE 3aBHCIT OT CKOPOCTEH TOYEK, TOBOPSIT, UTO 3a/laHbl CU-
JIOBBIE IIOJIS.

Omnpenenenne 19.2. Cunossie monst Fi(t, ry, ..., ry) (m cumst Fi(t, vy, ..., ry))
HAa3bIBAIOTCSA TIOTEHIUMAJIbHBIMU, €CIH CYIIeCTBYET TaKas CKAJISIPHAS (DYHKI[HS
II(t, ry, ..., ry) — NOTEHIUAJILHAS YHEPTUS, YTO CIIPABETHBBI DABEHCTBA

Fi(t,ry,...,rn) = —grad, [I(t, vy, ..., rn) = =V, II(t, r1, ..., TN) (19.1)

(grad; I1(t, r1, ..., ry) = V,II(t, 11, ..., r*Ny) — IPAJAHEHT MOTEHIHAIBHOI SHED-
run [10, § 26, § 55] M0 mepeMeHHBIM, COOTBETCTBYIOUIHM PAJIHYC—BEKTODY T;, MPH
ukcupoBannbix jgpyrux nepemenubix). Cuiosbie moast Fi(ry, ..., ry) (n cuibt
F,(ry, ..., ry)) Ha3pBarOTCS CTAIMOHAPHO TOTEHIMAJIBHBIMU, ecian cHiabl F;
H noTeHnuaabHasdg SHeprusa I He 3aBHCAT ABHO OT BpeMeHH t:

Fi(ry, ..., rn) = —grad,II(ry, ..., ry) = =V, Il (ry, ..., TN).

@yuknust U = —I1 nazpiBaercsi cmaoBoil pyHKITHEHH.

[Iycth B cucreme oTcyéra BBeIEHBI JeKAPTOBBI KoOpanHATHI (§ 2):

3 3 3
k=1 k=1 k=1

3
Oupegenenne (19.1) morennuanbuoit cunsl F; = > Fjpip B 1eKapTOBBIX KOODMHA-
k=1
Tax 3amuchiBaeTcs caeayomum obpasom [10, § 26, § 55

Il (t, x)

Fir(t, 2) = = 0T,

(19.3)

Beraucsienne snementapHoii paborel 0A noreHumanbHol cuibl ¢ yuérom (18.4),
(19.2), (19.3) NpUBOANT K CJIEAYIOMIEMY De3yJIbTaTy:

5A = Z(Fl, dr;) =

N 3
=22 Finlt, a)daie = ZZ an L0 i = —dll(t, ) + %dt

ox
i—1 k=1 i—1 k=1 ik
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Jns cranumonapuo norennuaibubix cui Fi(z) = Y Fi(2)i) smementapuas pabora

A — nonustit quddepennuan norenuanbuoii sneprun I1(x):

0A = Z(FZ, dr;) =
3 (19.4)
= ZZsz( )dziy = ZZ 6 d:vlk —dI (z)
i=1 k=1 i—1 k=1 ITik
Teopema 19.1. ITycrs cust Fi(ry, ..., ry) 3aBHCAT TOJBKO OT MOJOXKEHHI TOUYEK.
Hmeer MecTo 9KBHBAJIEHTHOCTD YTBEPK TCHHIH
{Cubt Fi(ry, ..., rn) CTAHOHADHO MOTEHIHAIBHBIL. }
T
{Dnemenraprast pabora cuin ¥;(ry, ..., ry) — moxrsriii gucgepenmnad. }

(] TokazaTeancTBa |} OBIIO TPOBEIEHO B IEKAPTOBBIX KOOPIMHATAX MTPHU 000CHOBAHUN
dbopmyast (19.4). dns gokazarenbeTBa ) HY2KHO PACKDBITH HOMHBI auddepernuat
dIl(x) u B paBenctse AByX auddepernnaabubix dopm (cm. (19.4))

3
Zsz( )dxzk— ZZ axm diCzk

i=1 k=1 i=1 k=1

OpUPaBHATH K0dhduineHTs! npu auddepennuaiax dr;, 0T He3aBUCUMBIX IepeMeH-
HbIX Z;. [losydennoe paBercTBo (19.3) 9KBUBAJIEHTHO B JEKAPTOBBIX KOOD/MHATAX
onpenenernio 19.2 norennuaapHocru. Ml

Onpenenenue 19.3. Cucrema MarepuajbHbIX TOYEK HA3bIBACTCSI KOHCEPBATHUB-
HOWM, ecjin CHJIbI, eHCTBYIONIHE HA CHACTEMY, — CTAI[HOHAPHO MOTEHIHAJIbHBI.

Onpepenenne 19.4. [lonnas mexarmdeckada Heprud L cucrembl MmarepuaJib-
HBIX TOYEK BBIIHC/ISIETCS 110 (bOpMYy.JIe

E=T+1I (19.5)

— CyMMa KHHETHYeCKOH U IMOTEeHIIHAJbHOH SHeprui.

Teopema 19.2 (3aKOH COXpaHEHWs IOJHON MexaHWYecKoil sHepruu). [lo-
Has MeXaHH9eCcKasl SHeprus [Y KOHcepBATHBHOI CHCTEMBI COXPAHSIETCST BO BPEMSI /TBH-
JKEeHHs:

E =T + II = const. (19.6)
O BakoH u3MeHeHusi KHHeTHIECKOi sHepruu B auddepennuanbuoii dhopme (18.5)
(dT" = 0A) nnst KoHcepBaTHBHOI cucreMbl ¢ yuéroMm (19.5) mpuHmIMaer BHJT:
dT = —dIl. NarerpupoBanue Ha myTH r;(t) Bpemst t € [t1, o] IPUBOJAUT K 3aKOHY W3-

MEHeHHsI KHHETHYeCKOW 9sHepruum B uHTerpaibHoit dopme (em. (18.7)):
Ty, =T, = II, — II5. 910 paBeHcTBO, 3anucanioe nnade Fy = To+ I, =T+ 11, = Ej,
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nokaspiBaer yreepxaenne (19.6) reopembr. Wl

IMpumep 19.1. Onpenenénnast B 1eKapTOBBIX KOOPAMHATAX CHJIA

F = az“y’i + ba*y'j + 0k

(a, a, B, b, k, | — BemecrBennple HapaMeTpbl) HOTEHIUAIBHA, €CJIH ¢ HEKOTOPOIl
dbyuxumeit I1(x, y, z) Boinonasiorcs pasercrsa (19.3):

I I
O g, Oy O
ox

y
V108U UHTEIPUPYEMOCTH IPUBOJIAT K Pe3yJIbTaTy

O*I1
0xdy

= —afr*y’ ! = —bka* Yy,

KOTOPBII JTOMKEH BBITTOTHITHCS TOXKIECTBEHHO TIO MepeMeHHBIM & U y. [IpupaBHu-
BaHue KO3(MPUIMEHTOB U MOKa3aTe el cTeneHn onpejessier Tpu ycaosus afl = bk,
a=k—1, f—1 =1 na mecrs mapamerpos a, «, (3, b, k, . Ilpu 3rux ycioBusx cuia

F = az®y’i + bz*y'j

MOTeHIHAIBHA ¢ MOTeHIMaIbHO sreprueit [1 = cz'y’. TlapameTpsl cuanl a, o, (3,
b, k, | crexytomum oOpa30M BBIPA3ATCA Uepe3 HapaMeTphbl ¢, ¢, j MOTeHIHAJIbHOM
sHepruu: a = —ci,a =1—1, =4, b=—cj, k=1,1=75—1.

71



['JTABA 6

JIBU>KEHUE MATEPMAJIBHOII TOUYKU

101 BO3JIEMICTBUEM ITEHTPAJIBHOU
CIJIBL

§ 20. YPABHEHU A JABNKEHUNA

B cucreme orcuéra dukcupyercs rouka O, MOI0KEHNE MATEPHAIBHON TOYKH ¢ MaC-
COMt M B KaKJIblii MOMEHT BPEeMeHHU t ONpejiessieTcs: pajauyc—BekTopoM I (puc. 20.1):
HavYaIbHAS TOYKA PAIUYC-BEeKTOPa I' B Touke (), MarepuajbHas TOYKA COBMNAIALT C
KOHEUHOl Toukoii r (§ 1).

Puc. 20.1

Omnpenenenne 20.1. Cuia Ha3piBaeTCss MEeHTPAJJbHOI, €CJaH OHA KOJLJIHHEADHA
PaJHyC—BEKTOPY T
r
F=f- (20.1)
T

f — BesrmumHa CcHTHL.

BeaudauHa CHIbl MOJKET CIEIYIONMM 06pa30M 3aBUCETh OT KAHEMATHIECKUX XapaK-
repuctuk Touku (§ 15): f(¢, r, ). Vcxoas u3 HavaibHOrO cocrosiuust ToUKu (to, To,
Io = Vy) rtpebyercsa naiitu asuzkenue r(t) Touku. BemeacrBue 3akoHa M3MeHeHUst
MoMmenTa uMmiryabca (cm. (17.3), (17.4)) mox Bo3aeiicTBEEM IEHTPAIBHON CHJIBI MO-
MEHT UMITYJIbCA TIPH JIBHZKEHUH COXPAHSIETCS:

Kozmoz[r,m:[r,f;]:o:

Ko = [r, mV] = const, T0 ecrb, JBUNKEHHE TOYKH NPOUCXOJUT B ILJIOCKOCTH TIEP-
neH Ky spaoii nocrossuaomy Bexkropy Ko (rLKy = const). [liockocrs npoxogur
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gyepe3 TouKy O U HAYAJIBHYIO CKOPOCTb V. B I1ockocTu BBeIEM HONSPHbBIE KOOD-
muHATEL 7, ¢ (§ 8). CKOPOCTb TOUKM B MOJSIPHBIX KOODJMHATAX BBIPAZKAETCS CIie-
ayfomum obpasom ((8.1) — (8.3)): V.=V, +V, V. =7 V, = ro. B coorser-
crBun ¢ paziaoxenueM V = V, + V., 11 MoMenTa ummysibcea nomyanm (puc (20.1)):
Ko = [I‘, mV] = [I‘, m(VT + VLP)] = [I‘, mVsO]a

Ko =mr?p =const, c¢=—2, ¢=r2 = const. (20.2)
m

XapaKkTepucTuky ¢ = 12 GyjeM Ha3bBaTh IPHUBEASHHBINT MOMEHT MMILYJILCA.

r+Ar

Puc. 20.2

3a masoe BpeMst At pajguyc—BeKTOpP, NpeHeOperas BeJMINHAMEI BTOPOTO MOPSIKA U
BbIIE, 3aMETACT TPEYrOJbHUK, IJIOWAAL KOTOporo pasha (puc. 20.2):
AS = L(r 4+ Ar)rsin Ap = $r2Ayp. Jlenenne NOLy4eHHOrO BblpaxkeHus Ha At 1
nepexof| K npegeny At — 0 npusogutr K dhopmyie (em. (20.2))

as 1, 1 Ky

Z =20 = =" = const 20.3

it 2 772 om ’ (20.3)
KOTOpast 000CHOBBIBAET
Bropoii 3akon Kennepa. [Ipu jBukeHun moj; Bo3/JefiCTBHEM IIEHTPAJJIbHOH CHJIBI
IJIOHIATh, 3aMeTaeMasl PauyCc—BEeKTOPOM, MTPONOPIHOHAIFHA BPEMEHH JTBUYKCHHSI.

[Mpoussonnas dS/dt HaspiBaeTCs CEKTOPUANBHON CKOPOCTHIO, BCaeacTrre (20.3)
coXpaHeHne MOMEHTa MMITYJIbCca WHOT/JAa Ha3bhIBalOT MHTErpajioM Iuiormaneii. 113
3akoHa coxpanenus (20.2) MOXKHO CJeJaTh CIeAYIONMA BHIBO: TIPU JIBHZKEHHH IO/
BO3JeCTBUEM LHEHTPAJbHON CUJIbL JOCTATOYHO 3HATH U3MEHEHUE BO BPEMEHU OJHOMN
U3 MOJSPHBIX KOOPJAWHAT, Hampumep, r(t). VI3MeHeHHe APYroii KOOpJIUHATHI HAXO-
murest u3 (20.2):

¢ =—. (20.4)



YckopeHne TOYKH B IOJSPHBIX KOOPJIMHATAX BBIPAXKAETCd CAEAYIONIAM 00pa3oM

((8.5), (8.6)): W =W, + W, W, =i —r¢? W, = ¢r+2¢r (puc. 20.3).

W

¢

O r =

_+_
Puc. 20.3
[Tpoeknuss ypasuenuss Hpioorona mW = F = fr/r wma nanpasjenue paanmyc—
BEKTOPA I' TPUBOJINUT K yPABHEHUIO
m(it —r¢?) = f(t, 7, 7, ¢, @) (20.5)

Cucrema ypasrennii (20.4), (20.5) ectb 3aMKHyTasi cucTeMa OOBIKHOBEHHBIX JH(-
depeHnraJIbLHBIX YPaBHEHNH TPEThero MopsijiKa JJis ONpeJeseHnsT TPH HadaIbHBIX
JAHHBIX Lo, To, To, Yo, Yo ABuzKeHus 7(t), ©(t) Touku. s onpeaeeHns TpaeKTOPUN
() TOUKHE B MOJTSAPHBIX KOOpAMHATAX cesnaeM ¢ yuérom (20.4) B ypasuenun (20.5)
epexoll OT He3aBUCUMOI TTepeMeHHO ¢ K He3aBUCUMOM TepeMeHHO’ :

d dr d 4) d d (1
R R 2 R (20.6)
dt  de dt dp r? dp \r
BBeJIeHbl 0003HAYEHU A
1 d
u==-, o=, (20.7)
r dy
dr dr dp  (20.4)(20.6) ,C
= —— = — — = - I 2 .
"Tw T dpdt 2 (208)

[Toncranoska (20.4), (20.8) B ypasuenue (20.5) u o4eBUIHbIE TPEOOPABOBAHMS IPH-
BOIAT K ypaBHeHuio Bbune

2
" _ r . .
U tu= _mCZf(t’ T, SO) (209)

B aBronomuoM ciaydae (Of/0t = 0) ypasuenne (20.9) mocie mogcranoBkn (20.4),
(20.6), (20.7) cTaHOBUTCS 3aMKHYTHIM YDaBHEHHEM
1

u" +u = —chuzf(l/u, e, @, u’c) (20.10)

JUst Haxoxk ienns Tpaekropun () = 1/u(yp). B mureparype ypasuenue (20.9) na-
3BIBAIOT TaK:Ke BTOPOii dhopmy.ioii Bune (mepBas dopmyna 371ech He paccMaTpUBa-
ercs).

74



§ 21. IIOTEHILIAJIbBHBIV CJIVYAIL.
JIBUKEHUE B IIOJIE BCEMUPHOI'O TATOTEHUS

3y4aum BOpOC: MpH KAKUX YCJIOBUSIX HeHTpasbHas cuia (onpenesnenne 20.1) cra-
UOHAPHO NoTeHIuadbHa (onpenesnenne 19.2). B miockoctn q[BuzKeHMs] B HOISIPHBIX
KOOp/IMHATAX Ha, POJIb CTAIIMOHAPHO MOTEHIINAJIHLHON CHJIBI TPETeH IyeT eHTpaIbHas
cuna F = f(r, ¢)r/r. Beraucanm smeMeHTapHy0 paboTy:

54 = (F, dr) = 1. )= — e )" = g, o),

HCIIOIB30BaHO TOXKAeCTBO (r, dr) = 1d(r, r) = 1d(r?) = rdr. Tlo Teopeme 19.1 115
IMOTEeHINATbHOCTH CHJIBI JIeMeHTapHas pabdoTa J0/KHA OBITH MOIHBIM guddepeH-
IIHATOM:

0A = f(r, p)dr + 0dp = —dIl(r, ) = ———dr — —d.
2
[IpupaBuuBanue ko3dduiuenTos npu auddepennuaiax 0T He3aBUCUMbIX TIePeMeH-
HBIX OIpeJie/isieT CUCTEeMY YPaBHEHU JIIsi MOTEeHIUAILHONW SHEPIrUn
on on
or dp
U YCJIOBHE €€ MHTEerpupyeMOCTH

o 9f(r o) _
ordp op

Takum o6pa3zoM, B cOOTBETCTBHUH C TeopeMoit 19.1 umeeT mecTo

—f(T, 90)7 0

Teopema 21.1. IlenrpajipHasi cuia CTAHOHAPHO MOTEHIHAJIbHA (MATEpHATbHAS
TOYKA SIBISIETCS KOHCEPBATHBHOI CHCTEMOIi) TOrJa W TOJBKO TOLJA, KOIja eé Be-
mmauaa f(r) 3aBHCHT TOJBKO OT PACCTOSHHSI T MEXKJIY MATEpHAJTbHOH TOYKOM 0
HavaabHOH Toukoi O pajanyc—BeKTopa.

CranoHapHO MOTEHIHATBHYIO MEeHTPAJBHYIO CHIY MOYKHO 33JaBaTh HIH €6 BeJIH-
unnoit f(r) wam norenumanbuoit sneprueit I1(r). Mex iy HuMu ciepyomas CBa3b:

f(r)= —8];?), II(r) = —/f(r)dr. (21.1)

B cooTrBeTcTBHM ¢ Teopemoii 19.2 119 KOHCEPBATHBHBIX CHUCTEM CIIPABETUB 3aKOH
COXPaHeHHsI MOJHOM MeXaHH4YeCKO! Heprun, KoTopsiil ¢ yaérom (8.4), (20.4), (21.1)
JIJIS TIEHTPAJIBHON CHJIBI TPUHUMAET CJIeTYIONNA BU/I:

1 1
T+ 11 = cmV? + 1I(r) Y Smli + @) + 11(r) (0.9

(21.2)

(204) 1 5 O
— 5m 7 +r_2 + II(r) = E = const.
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Ecmu coorromenne (21.2) anreGpamdecKu paspelnruTb OTHOCHUTETBHO T, TO 3aJada
HaxOoxKIeHust Jpuzkenust 1(t), o(t) cBenércs K MHTErpupoBaHUIO ABYX quddepen-
uuasbhbX ypasheuuit: 7 = h(r, ¢, E) u ¢ = ¢/r* (em. (20.4)). Jus naxoxenus
TpaekTopuu () TOUKH HYy?KHO “OJIHO yPABHEHUS PA3ACIUTh Ha APYroe”; Moy aum
ypaBHEeHne

dr  1?h(r, ¢, E)

do c
C pa3JeAIOIIMMUCH TIePeMEeHHbIMH. B 9acTHOCTH, B NOJIE BCEMHPHOTO TSTOTEHUSI
(noreHmmaIbHast IHEPIUs, TpUCyTCTBYoMmAast B h(r, ¢, ), npusenena uuzke B (21.3))
9TO ypaBHEHHE HHTEIPUPYETCs B 3JEMEHTAPHBIX (DYHKIUAX U OLpeesseT OpOUThHl B
nebecuoii mexanuke |1, ror. 111, § 7|. 3mech opOUTHI GyAyT BHIYUCIEHBI TIPH TOMOIITH
ypasuenusi Bune (20.9).

B 1nosie BCEMUPHOIO TATOTEHHS Ha TOYKY MacChl M JefiCTBYeT CTalOHAPHO IMO-

TeHIMaabHas neHTpatbaas cuiaa (20.1). [TpuBeném eé Bem9InHy W MOTEHIHATBHY O
suepruio (em. (21.1)):

Mm mp Mm mp

= — = —— H:— —
f==1"073 7 Q- .

(21.3)

~ — BceMupHast ocTosiHHAst, M — Macca paciooZKeHHOTO B HEMOABUKHOI Touke O
“Comana”, p = yM — nocrosunas s ganaoir Cosnednoii cucrembl. [logcTanoBka
BeqnanHbl f cuibl B ypasHenue Bune (20.9) ompejenser TuHERHOE HEOIHOPOIHOE
ypaBHEHHE C TMOCTOSHHBIME KO3MDMUITHEeHTAMI

W u="1 (21.4)

2
¢ OYEBUHBIM JACTHBIM DENIeHHeM u = fi/c?, 106aBienne KOTOpOro K o0IeMy pe-
MIEHUIO OJJHOPOJHOIO ypaBHeHus (ypaBHeHHs KojebaHuil) IPUBOAUT K 00IIeMy pe-
mennio ypasuenust (21.4)

u= C% + Acos(p + 0), (21.5)

A, [ — npoussonabubie nocrosinabie. [Ipeanomaraem A > 0, B mpoTHBHOM CiIydae
muHyc MOxkHO “nepersars’ B (. C yuérom (20.7) (u = 1/r) monydaem ypaBHeHue
r(¢) TpaekTopHu

p
r = : 21.6
1+ ecos(p + ) (21.6)
BBe/IeHbI 0003Ha4YeHusl /151 (POKAJIHHOTO HapamMerpa p U SKCIEHTPUCHTETa, €
2 2
c Ac
1 [

Tpaekropuu, onpeaenénnbie (21.6), ecTb KOHUYECKHE CeYeHus] B TOJSIPHBIX KOODIH-
narax, “Conuie” O pacnonoxkeno B dhokycax. 113 (21.6) BujHO, 4TO B 3aBUCHMOCTH
OT DKCUEHTPUCHUTETA € BO3MOYKHbBI CJIe/IYIOIINEe BU/Ibl CeUYeHUN — TpaekTopuii Hebec-
HBIX TeJI:
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1. e = 0, OKpPYKHOCTDH paJuyca p;

2.0 < e < 1, 3snamenarens B (21.6) HE OpU KAKOM 3HAYEHWH © He 0OpAIIAETCS B
HYJIb, (PUHUTHAS TPAEKTOPUS — JLJIMIIC,

3. e = 1, 3namenaresb B (21.6) obpaiaercsi B HyJib 1pu ¢ + [ = m — napaboia,;

4. e > 1, 3namenarens B (21.6) obpamaercs B Hy/1b npu ¢ + 3 = Farccos(l/e) —
runepbosia ¢ aCHMITOTAMHI, COOTBETCTBYIONUME yriaMm ¢ + (3 = farccos(1/e).

[TyukT 2 060CHOBBIBAET

ITepssriit 3akon Kennepa. [Lianersl JBUXKYTCs 110 JLIAIICAM, B (DOKYyCaxX KOTOPBIX
naxonurcs CoJHIe.

Boipazum pokabHbli TapaMeTp P U SKCHEHTPUCUTET € Yepe3 TPUBEAEHHBIH MOMEHT
ummysbea ¢ = r%¢ (em. (20.2)) u IpUBEIEHAYIO TOTHYIO SHEPTHUIO

1 1 1 c? w1 c? I
ot Yot S HF — B const (218
m m( + ) 2(7“ +r2) . 2<0+0 o const (21.8)
(B pamencrBe (21.2) yurena norenunasbaast sHeprus (21.3)). Onpenennm B (21.5)
MOCTOSHHYIO A depe3 HavdaJbHbIe YCJIOBHS To, To, Yo, Po (B Opeodpa3s0OBaHHSIX HC-
nob30Baubl hopmyel (20.6), (20.7), (21.8)):

1 1
uoz—:%+ACOS(¢O+B), uy = ——r9 = —Asin(pg + 3),
ro ¢ c
1 w\® 1 1 TR |
(ro 02> T2’ r3 roc? Tata

Lo & p w2\ _p (28
/ 2E*

[TocTaHOBKA Oy I€HHOTO pe3y abrata B (21.7) OPUBOJAUT K UCKOMBIM BBIPAZKEHUSIM

2 2E*
p=", ¢ (21.9)
o

Tperuii 3akon Kennepa. Orrormrenne kBajgpara Bpevenn 1’ 0bOpalileHusT MIaHETh
K KyOy OOJIBIION MTOTyOCH TPAeKTOPHH OJJHHAKOBO JIJIsI BCeX ILJTAHET OJJHOH W TOH ke
COJTHEYHOH CHCTEMBI.

JokazkeMm

O TTo BropoMmy 3akony Kemaepa (MOCTOSHCTBO CeKTOPHAIBHOI cKOpocTH) Bpems T’
00palleHnsl PABHO OTHOLICHUIO IJIOMIA/IM S/LIUITUYECKO opbuthl (mab, a = p/(1 —
e?) — Gosbinas 10jayock, b = p/y/1 —e? — manaa [3, v 11, § 2; r. IV, § 3])
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cekTopuaabHoil ckopoctu ¢/2 (em. (20.3)). C yuérom (21.9) mpuxoaum K HYZKHOMY

Pe3yIbTaTy:
T? rab\’ 5 4mhr Ar?p  4Ax?
_— _— a = = = .
a3 c/2 ac? c? 1
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§ 22. BSAIMHOE TATOTEHUE JIBYX U TPEX TOYEK

JlBe MarepHaIbHBIE TOUKH ¢ MACCAMI My U My B3AHMOJIEHCTBYIOT TOIBKO JIPYT C
JAPYTOM, U 9TO B3aUMOJEHCTBIE IPOMCXOJUT 10 3aKOHY BCEMHPHOrO Tsirorenus. Ilo-
JIOZKEHUS TOUEK ONPEIEIAIOT PAIILYC—BEKTOPEL I', I'y, OTJIOKEHHDIE OT HEIIOBHKHOIT
roukn O (puc. 22.1).

m, P

Puc. 22.1

Crasurcst cieayomias 3a1ada: OlNpeIeuTh JBuxKeHnne touek rq(t), ro(t), coorser-
cTByIONIee Haua bHBIM JanHbIM 1Y, 19, VO = 10, V) = 1), Beeném sextop p = 11 —19,
IIPOBEJIEHHBIN OT BTOPOH TOUKM K mepBoil (puc. 22.1). lenrpy unepunu C' cooTBeT-
CTBYIOT PaJIUyC—BEKTOP ¢, OTJOKEHHBIH 0T Touku O, U BEKTOPHI Py, Py, TPOBEIEH-
uple n3 C' K MaTepHajbHbIM TOUKaM (puc. 22.1):

r _ Il + maty p:Lp pz—Lp (22.1)
“ my +my Y omy 4+ my 2 my+my '

Tak Kak BHEMIHHE CHJIBI OTCYTCTBYIOT, HeHTD uHepuun C' CHCTEeMbI JBHKETCS € MO~
crostHnOl ckopocThio V& (em. (16.5), (22.1)):

mird + mor)  my VY +my VY

VO VO
Vit ma Ve 24 (22.2)

mi + Mo

VY =

s I‘C:I‘OC+VOCt:
m1+m2 m1+m2

Banumiem s Kazkaoit Touku ypasaenne Heorona (15.1) (cm. (21.3)):
mimso P .
2 Mol =Y~

P p P op
COKpaTHUM B KazKJ0M YpaBHEHUHN OJHY M3 MaCC, BBIUYTEM U3 NE€PBOIO YypaBHEHUA BTO-

mims P

miry = —7v

)

poe, C YUETOM p = 'y — I'y TIOJIYIUM YPABHEHUE
mi1 + mo 8
p©Pop
¢ oznHoil Hem3BecTHOIT BekTop—dyHKIueit p(t). Cuenas npu nomomnu (22.1) mepexos
OT P K Py, HOJIYIUM ypaBHEHHE

p=—

3
my P1

s mi
P T o )20
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Takum 06pa3om B mojaBuzKHOI cucreme Kénura (onpesenenne 18.5) nBuzkenue mep-
BOIl TOYKHU € MAaccoil m; MPOUCXOIUT IO 3aKOHY BCEMUPHOTO TATOTEHUs K Hero-
apuzxaoMy B Touke C' Connmy ¢ maccoit M = m3/(my + moy)?. JIpuzkenue BTOpoit
TOYKHU ¢ MACCOM Mgy CBSI3aHO € JIBUKEHUEM MepBoil cireyomum obpaszoM (M. (22.1)):
po(t) = —myp,(t)/mso. st mosyuennst toanoro orsera p;(t), py(t) win py (), po(p)
Tpebyercs B coorBeTcTBU € (22.1) mepecuntarh HAYATbHbBIE JAHHBIE H HCIIOJIb30BATH
pesyabrarsl § 20, § 21. K okoHuaTeapHOMY OTBeTY NPHBOAAT (hOPMYJIbI (CM. PHC.
22.1, (22.2)): r1(t) = re(t) + pi(2), ra(t) = re(t) + po(t).

[e-to B paiione TPEéX rpaBUTUPYIOMIMX TOYEK MTPOXOJUT IPAHb MEZKJIy AHAJIM-
THIECKUMU BO3MOXKHOCTSIMU U HEBO3MOKHOCTSIMU 1dejioBeka. [IpuBeném nudaropeii-
CKYI0 3aj1a4y |2, ¢. 74|, oTBeT KOTOPOii COBpEMEHHBII YeI0BEK yraJaTh He CIOCOOeH
(¢ Toukm 3penuss apropa). Tpu MarepuasbHble TOUYKH ¢ Maccamu 3m, 4m u bm B
Havase IBUKeHNS HaXoAdaTcsa B BepmmmHax F, G, H nudaropeiickoro TpeyroibHuKa
(GH = 3s, HF = 4s, FG = 5s, puc. 22.2). Kaxast napa To49eK B3auMojeiicTByer
10 3aKOHY BCEMUPHOTO TATOTEHUsI, TOUKH HATMHAIOT JIBUKEHUE U3 COCTOSTHUST TIOKOSI.
VIuBJsIeT UTOrOBasi 9acTh JIBUKEHUS: TOUYKA C MACCON HM yIaJIsI€TCsI IO TPSIMOit 0T
“IBOMHOI 3Be3J1bI”, KOTOPYIO 00pa3yioT TOUYKHU ¢ MaccaMu 3m U 4m, mepuoudecKu
CTAJIKHBAsICh ApYT ¢ aApyrowm. “/IpoitHasg 3Be3ma” yaaasieTcss B CTOPOHY, MPOTHBOIO-
JIOZKHYTO TOUKe ¢ Maccoit 5m (puc. 22.2). Ormernm, 4T0 B IPOLECCe B3AUMOICHCTBHSI
coxpansorcst uMiysibe Q = 12mVe = 0 (nentp unepiun C' HEOJBHIKEH), MOMEHT
nmiyibca Ko = 0 u nomnas mexanudeckasi sneprust /' =T + I1.

3m,

T
<

Puc. 22.2
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[I'JIABA 7

JANMHAMUKA CUCTEMDbBI
ITEPEMEHHOI'O COCTABA

§ 23. SBAKOHBI USMEHEHIN A NMIIVYJIBCA,
MOMEHTA UMITYVJIBCA, KWHETUYECKOI SHEPTUU

BaKOHBI THHAMUKHN (M3MEHEeHNe HMITYJIbCA, MOMEHTa UMITYJIhCA W T. JI.) BBIBOIMJINCH
B IMPE/INOJIOZKEHUU, YTO COCTAB CHCTEMBl Hem3MeHeH. 3ajada O JIBUYKEHWH CHCTeM
MMepeMEHHOT0 COCTaBa HAXO/IUTCS Ha CThIKe KOHEYHOMEPHON MeXaHWUKHW W MeXaHUKHN
CIJIONIHOMW cpeJibl. [lajiee paccMaTpuBarOTCs HEKOTOPbIE BOIPOCHI, OTBETHI HA KOTO-
pble MOYXKHO TMOJIYYUTh B PAMKaX TEOPETUYECKON MeXaHUKH.

[TycTh Macca cucTeMbl U3MEHSIETCs IO 3aKOHY

m(t) = mog —m*™(t) + m"™ (t), (23.1)

IJIe My — MAacca B HAYaJIbHbBIl MOMEHT BpeMeHu ty, m*™ (t) u m™ (t) — yXoa u mpuxoJ
MAacc 3a MPOMEXKYTOK BpeMeHH |[to, t]. [l BBIBOJA 3aKOHA M3MEHEHUs UMITY.IHCA
CHCTEMbl EPEMEHHOT0 cocTaBa (DUKCHPYEM B MOMEHT BPEMEHHU t COCTAB CHCTEMBI
u 00o3HauuM Q*(t) mmmny/ibe dpukcupoBaHHOi cucrembl. B MomenT Bpemenu t + At
UMIIYJIbC CHCTEMbI TIEPEMEHHOT0 COCTaBa Oy/IeT paBeH

Q(t+ At) = Q" (t) + AQ" — AQ™ + AQ™,

rie AQ" — u3MeHeHnme HMIyIbca (PUKCHPOBAHHBIX B MOMEHT BpPEMEHH | TOYeK,
AQY™ n AQ"P — u3MeHeHHe UMIYJIbCA U3-3a VIIeANNX W NPUIIeIIINX TOYeK. Boi-
YUCJIEHUE TTPOU3BOJHON

dQ(t) . Qt+At)—Q(t)
o A At -
Q) FAQ - AQT £ AQT Q1)
At—0 At
i (AQAQ7 aQr
_A?ilo< At At A >

MIPUBOJIUT K Pe3YJIbTATy
@ = Rrre - RA (23.2)
dt
— 3aKOHY MU3MeHeHWsS UMITYIbCa /IS CHCTEMBI TIepeMeHHOTO COCTaBa. Y YTeH 3aKOH
A3MEHEeHNs UMIYJIbCa Q* = R®™ qna pukcupoBaHHO#t B MOMEHT BpemeHu t cu-

CTeMbI MOCTOSTHHOTO coctaBa (RP™™ — ryiaBHBI BEKTOpP BHENIHUX CHJI), BBEIEHO
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obo3HaUYCHUE

R™" = lim (— (23.3)

At—0

AQY™  AQ™P
_l’_

At At
JIJISI CUJIBI, IOTIOJTHUTEJIBHO /1efCTBYIONIe Ha CHCTeMY U3-3a IepeMeHHOCTH ee COCTa-
Ba.

JlocnoBHOE TOBTOpEHWE PACCYKIEHUI, TPU MTOMOTIN KOTOPBIX JOKA3aHO ypaBHe-
Hue (23.2), NpUBOAUT K 3aKOHY M3MEHEHUs MOMEHTA, UMITYJIbCA JJisi CHCTEMBI Tepe-
MEHHOI'0 COCTaBa

dK
_dto = Maemt L MF" (23.4)

rae MG — rpaBubli MOMeHT BHeImHHX cia, MG — nomomHuTe bHbIiE MOMEHT,
CBSI3aHHBIN C YXOJIOM ¥ IIPUXOJOM MACC:

AKYF AKZ
1011 : O o
My" = lim0 (— : + : > . (23.5)

Bujowm, anamormaneiv (23.2), (23.4), obnagaer n 3aKOH U3MEHEHHS KHHETHIE-
CKOIf HEPruu JIjIsi CHCTEMBI IEPEMEHHOIO COCTABA:

dr
— = N 4 N#1, (23.6)
dt
rie N = > (F;, V;) — MONHOCTH BHEIIHUX W BHYTPEHHUX CHJI, JEHCTBYIONUX HA
CUCTEMY; JIONOJIHUTE/IbHAs MOITHOCTh N#" onpejie/ieHa yX0JIOM U TTPUXOJ0M MaCC:

N = lim
At—0

(23.7)

_ ATY* n AT"P
At At

PaccmorpnM npuMenenne 3akOHOB (23.2), (23.4), (23.6) B HEKOTOPBIX YaCTHBIX
CJlydasiX CHUCTeM [ePEMEHHOIO COCTaBa.
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§ 24. IIOCTVIIATEJIbHOE ABUNU2KEHVE TEJIA
ITEPEMEHHOI'O COCTABA. PEAKTUBHOE ABV>KEHUE

Touku, npuHaIezkanme Te/ry, 00Ja AT OAHOl u Tol ke ckopocThio V(t). YV resa
MMEETCsl 1. CTOKOB, 4epPe3 KOTOPBIE MPOUCXOAUT YXOJ MACC, W T MCTOYHUKOB, U€PE3
KOoTOpble — mpuxo. B coorsercrBuu ¢ dbopmy:noii (23.1) macca Tesa, nmmyabe Q u
JeBas 9acTh ypaBHeHus (23.2) paBHbI

() = mo = Y m* (1) + S mi” (1),

Q- {mo = +mep<t>}v,

= (24.1)

dQ _d(mV) _dm N dV
dt  dt  dt dt

[Tycrs 3a Bpemsa At Teno nokuuym Macehl Am;™ | 1 IPUCOETMHUINCH K JBUKEHUIO
tesa mMaccel Am;”. C TOYHOCTHIO JI0 YJIEHOB TEPBOrO MOPSIAKA MAJOCTH YXOI U
IIPUXO/, IMIIYJILCA PABHEL

n T
s@r=Sanrer, s -Sawrar, e
i=1 =1
rue C7*, C/P — cpeanme 3a npomexyrox Bpemenu At ckopoctu. Beruucienne ¢

yaeroMm (24.2) pononnureabHoi cuibl (23.3) npuBoauT K (opmyJie

o ( AQT AQw " dml™ T
R = lim (- N e Lo (o
&‘l%( At T TA ) Zl T +lzl o O (243)

Pesysnbrarom mojcranoBku (24.1) u (24.3) B ypaBHenue (23.2) siBjisieTcst ypaBHEHUE
Memiepckoro

dv BHeIH - dmilx X — dm;” 1,
m% =R - Z TUZ + d; ulp, (244)
i=1 =1

rie ] =CF =V, u® =C” —V — ckopocru yXOIgAIIuX 1 IPUXOIAIUX MACC B
IIOJABUZKHON ITOCTYINIAaTEeJIbHONA CACTeMe, CBA3aHHON C TEJIOM.

Mcnonb3yem ypasHeHne MemepeKoro j/is ONUCAHUs BePTHKAJILHOTO B3JIeTa pa-
KEeThI. OTHOCI/ITeﬂbHyIO CKOPOCTb U UCTE€YCHUA IIPOAYKTOB CI'OpaHud CHUTaEM I1OCTO-
STHHOW W HAIPABJIEHHON MPOTUBOIOIOXKHO CKOPOCTH pakerThl. C y4eToM TOro, 9TO B
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JaHHOM ciaydae: m(t) = mo — m**(t), m(t) = —m¥*(t), npoekuus ypaHenus Me-
mepckoro (24.4) Ha HAIpaBJIeHHE MOJEeTa PABHA

dVv dm
2 — . 24.
m pn mg o U (24.5)

Ypasuenue (24.5) uHTErpuUpYeTCs, YTO UPUBOJUT K PE3YJIBTATY

mo
Vit)y=Vy—gt +uln —. 24.6
(1) = Vo~ gt +uln 5 (24.6)
[Ipu g = 0 310 cooTHOImIEHHe HOCUT HazBaHue popmyJibl llmonakoBckoro. I3

dbopmyel (24.6) BUAHO, 9TO TEKyIee 3HAYCHHE CKOPOCTH ONPEIEISETCS TOTBKO MO-
MEHTOM BpeMeHU ¢ W TeKyIuM 3HaueHneM Macchl m(t) paxerbi. [Ijisi BbraucaeHus
BoicOTHl I = [ V/(t)dt TpeGyeTcs IONOIHUTENBHO 3HATH 3aKOH CTOPAHUsS TOILIMBA
m(t) = mg — m¥*(t).

[Ipu momomu ypasuenuii (23.6) u (24.5) BBIYHCIEM MOIIHOCTH BHYTPEHHUX CHII,
YUYaCTBYIONUX B PA3TOHE TMPOAYKTOB CTOPAHUS JI0 OTHOCHTENBHONH CKOPOCTH U. 3a
BpeMs At pakery mokugaer macca Am** ¢ abcoaoTHOl cKopocTbio V' — u, 4TO B

coorBercTBuu ¢ (23.7) u Am?** = —Am npuBoAUT K pe3ysbrary
1dm
o = ——(V —u). 24.7
5 (V) (24.7)

Henocpencreennoe Buianciaenne ¢ yaerom (24.5) mnaer dpopmyry

dI'  d (mV? ldm, o

a B cooTBeTcTBUE ¢ (23.6) mpaBas 4acTh JOKHA OBITH PaBHA

N TAEK + N BHYTP + N,zzon’

9TO M NPUBOIUT ¢ yueroM N™* = —mgV u (24.7) K pe3yabTary jjis MOUIHOCTH
BHYTPEHHUX CHUJT
2
o __dmu”
dt 2
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§ 25. BPAIIIEHIE TEJIA IEPEMEHHOI'O COCTABA BOKPVYT
HEIIOABUN>KHO OCI.
BBITEKAHUE >KNJIKOCTHU N3 IIOABUXKHOW ITNMCTEPHBI

Bpamenue Tejla mepeMeHHOro COCTaBa BOKPYT HEIOABUXKHON ocu z. Pac-
CYKJCHUSMH, aHAJOTMYHBIMU TeM, KOTOpbhle NMpHUBeJnd K ypaBHeHHo Memepckoro
(24.4), BeiBoguTCS bOpMyIIa:

dw _— - . dm™ .
L(t)— = MPrems M {u*} + § ’ M, {u”}, (25.1)
dt

z
=1

rie [, (t) — MOMEHT MHEpIUU Tejla OTHOCUTEIBHO OCH Bpatienust z, MM — prap-
HBI{i MOMEHT BHEITHUX CHJI OTHOCHTEIbHO ocu z, M, {-} — onepanus BeIYHCICHUS
MOMEHTa OTHOCHTEJIBHO OCH Z, Ipo4une 0003HaYeHus Te ke, 4T0 u B (24.4).

B kadecTBe mpuMepa MCIOAB30BaHus ypaBHeHust (25.1) paccMorpum 3agady o
PACKPYYNBAHUU KOJbIEBOIl KOCMUYECKON CTAaHIWHU NP IOMOIIN PeaKTUBHBIX JBU-
rareseii |9, 3amada 10.29|. Cropoctn ucredenns U™ MPOJAYKTOB CrOPAHUS y JIBU-
raTejieili HeM3MeHHBI TO BeJIW4YnHe: U’ = wu, — W HaIpaBJIeHbl MO KacaTeJbHON K
BHeIlIHell OKpyzKHOocTH pajuyca [R. Packpy4yuBanue mpoucxojuT BOKPYI' OCU CUM-
Merpun z. Ypasuenue (25.1) npuanmaer Buj

dw dmy X
dt  dt

(Io — m™ (t)R?*) — Ru, (25.2)

riae /) — MOMEHT WHEpIUH Teja B MOMeHT Bpemenu t = 0, m**(t) = Z mi(t) —

CYMMAapHBIii pacxoj ToprUero 3a npome:kyTok spemenu [0, t], M. {qu} = —Ru.
Pesysibrar uHTerpupoBanus ypasaenust (25.2) ananoruuen dpopmysie (24.6):

U Iy
W) =t e

B 3aksrouenne paccMOTpUM 3a/1ady, pellieHne KOTOPOil HaXOIUTCSA Ha TPAHU BO3-
MO>KHOCTEHl KOHeYHOMEPHON MeXaHUuKU.

OtHOpO/HAST KUJIKOCTh BBITEKAET W3 MUCTEPHBI Macchl M 1uepe3 KpaH, OTCTOs-
Ui OT MEeHTPAa WHEPIUH [UCTEPHBI HA PACCTOSTHUU ¢ 110 ropu3oHTann (puc. 25.1).
Ocb KpaHa BepTUKAJIbHA, U YACTUIBI BBITEKIIEH YKUIKOCTH COXPAHSIIOT Ty TOPU30H-
TAJIbHYIO0 COCTABJILIONIYI0 CKOPOCTH, KOTOPYIO OHU MUMeJH B MOMEHT OTJe/IeHUsd OT
KpaHa. Bo Bce Bpems jiBUZKEHUS yPOBEHDb KUJIKOCTH B IIUCTEPHE OCTAETCS NOPU30H-
TAJbHBIM, & MEHTP WHEePIUN HAXOIUTCH HA TOH yKe BEPTUKAJIM, YTO U NEHTD WHEPINT
nucrepubl. [Ipernebperasi Mmaccoii Kojiec ¥ TpeHHEM, HAWTH CKOPOCTD JIBUZKEHUST IH-
CTEPHBbI B 3aBUCHUMOCTH OT BPEMeHHU [, eci Macca KUJKOCTA B HUCTEPHE MeHAeTCs
0 3aKOHY

1 t
m(t) = 5o <1 + cos :—) : (25.3)

1
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rae my — HadaJdbHAad Macca KHUJIKOCTH, a f; OImpeleasderl IPOMeXKyTOK BPeMeHH
[0, ¢1], 32 KOTOPBIil KUIKOCTH MOJHOCTHIO MOKUIaeT nucrepuy |9, 3agaua 10.12].

a

O X

7777777777777

Puc. 25.1

C0KHOCTD 3aJa49H 3aKII0YAETCSI B TOM, YTO KUJIKOCTH B IIUCTEpHE BeleT cebs He
KaK TBEpJOe TeJI0: U3-3a aCHMMETPHUH BLITEKAHUsS IJId COXPaHEHUS TOPU30HTAJIbHO-
CTHU TTOBEPXHOCTH IMPOUCXOIUT HEPABHOMEPHOE TIepeMeleHne KUJKOCTH, BCIeICTBHAE
4ero CymecTBYeT HeOlPeIeJIeHHOCTh C BHIYUCIEHUEM UMITYJIBCA, MOMEHTA UMITYJIbCa
U KHHeTH4YecKoii sHeprun. Pemrenue 3amadun ocHoBaHO Ha OeccriopHOM akTe: Tak
KaK BHEIIHHE FOPU30HTAJIbHBIE CHIbI OTCYTCTBYIOT, TO OONIUN MEHTP WHEPIUU

— IOUCTEPHbI, 2KUJAKOCTU B HEel 1 BbITEKIel KUAKOCTU — B I'OPU30HTAJIbHOM Ha-
IIpaBJIEHUU IIepeMeliaeTCd C HOCTOSTHHOM CKOPOCTBIO:

YSmx; = {M +m(t)} X (t) + /tx(r)dmyX}(T) = Cit + Cs. (25.4)

O6o3naueno: X (t) - ropu3oHTATBHASI KOOPMHATA EHTPA MACC MUCTepHBI; m(t) —
macca kugrocrn B Heii; Cy = Vo /(M +my), Cy = Xo/(M + my); uaTerpas omnpeje-
JISIeT BKJIAJL B IOJIOKEHHe 0BIIero menTpa unepuun dacru, dm¥ ! (1), nokunysumx
nucrepuy B MomenT Bpemenn 7 € [0, t]. B MOMEHT BpeMeHM T WACTHIBI UMEJIH KO-
opmunarel X (7) — a u npuoGperann ckopoctn X (T), BGICACTBHE €9€ro K MOMEHTY
BpeMeHHU ¢ OHM 3aHUMAaJIM B MPOEKIMH HA TOPU30HTAD MOJIOKEHIEe

z(r) = X(1) —a+ X(T)(t —T). (25.5)
Macca dm?* (T) gacTunbl, MOKAHYBIIASA UCTEPHY B MOMEHT BPEMEHH T, PABHA

dm’* (1) = m** (1)dT = —m(7)dr, (25.6)
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yareno: m(t) = my — m**(t), m(t) = —m?*(t). [loxcranoska (25.5)) u (25.6) B
(25.4) npuBoauT K uHTErpo-auddepeHnuaIbHOMy ypasaeHuto st X (1):

(M +m()}X () — /O {X(T) —a+ X(r)(t - 7)} m(r)dr = Cit + Cb,

a rocje aByKparHoro auddepenmnupoBanus mo ¢ — K auddepeHnuaIbHOMy ypaB-

HEHUIO )
am(t)

M +m(t)

[ToscranoBka B ypaBHeHue 3akoHa (25.3) uaMenenust macchl m(t) u uHTErpupoBaHue
npu zHagaabaoM ycsaosun X (0) = 0 mpuBoauT K pesy/brary

. T | 2M + myg M mt
Vit)=X(t) =a— < —t — arctg | A/ —————tg— .
) Q fl{tl M(M + my) g( M + mg g2t1>}

Pesysbrar Bepen nipu t € [0, ¢1]. K MmomenTy Bpemenu t1 KuJIKOCTh TOJHOCTHIO TTOKH-
JTIaeT UCTEPHY, U €€ JIBUYKEHNE B JTaIbHeNIIIeM MPOUCXO/IUT € TOCTOSTHHON CKOPOCTHIO

2 2M
V:V(tl)zaﬂ 1— + mg .
t 2/ M (M + my)

f g

Bamernm, 4T0, KAKOBO Obl HU ObLIO OTHOIIEHHE Macce M 1 Mg, IpU MaJIbIX 3HAYEHHIX
t st ckopocrn Bemonnsercs V(t) > 0 (X(0) = 0, X(0) > 0), a upu t > t; —
Beinoniasiercst V (t) < 0, T.e. cHavdasa mucTepHa JBHzKeTcsl BupaBo (puc. 25.1), a
3aTeM HAIPABJICHUE JBUZKEHHS MEHSIETCSL.
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['JTABA 8
3AJIAHUE TTIOJIOYKEHIMS TBEPJIOT'O TEJIA

§ 26. MATPUIIA IIOBOPOTA. VIJIbI SMNJIEPA

B § 4 61710 moka3aHo: 9TOOBI 3HATH B MOMEHT BPeMeHU | MOJIOKEeHNE KayKI0W TOTKH
TBEPOTO TeJ1a, HYKHO 3HATH NOJIOKEeHne OaHoi u3 Toyek O Tesia n MOI0KeHne OTJI0-
JKeHHOTO 0T TOUYKH () OPTOHOPMHUPOBAHHOTO Ga3uca, CBI3aHHOrO ¢ TeoM (puc. 4.1),
TO ecTh, 3HATH YeThipe BeKTopa ro(t), e1(t), ex(t), es(t). Bamanne nomoxkenns u
nopejenus Touku O ObLIO 00CykK1eH0 B ryase 1. B nacrosmeit riase Oyayr obcy-
JKJATHCS CIIOCOOBI 3aJaHUsT OPUEHTAIMHA TBEPIOTO TEJIA: MOJOKEHUS CBA3AHHOIO C
TesioM Gasuca e1(t), ex(t), es(t). Omanm U3 crnocoboB SIBJISETCs 3aJaHIe KaZKI0T0
BeKTOpa €;(t) pasjoxenuem 1o 6asucy ij, ip, i3, cBA3aHHOMY € cHCTeMOl OTCYETA

(puc. 4.1):
3

€L = Zaklil. (261)

1=1
Marpuy A = ||ag|| B (26.1) HaspiBaroT MaTpuUIE TOBOPOTA Wi MaTpuneit
HAIPaBJISIONINX KOCHHYCOB (a;; = COS (ek, il>) [5, 6]. Tak kak oba Gazmca opToO-

Hopmuposaubl (eM. (2.1) u (4.1)), Beraucienust ¢ yuaérom (26.1)

3 3 3
5kj = (ek; ej) = E aklajs(ila is) = E aklajséls = E Ak 1Qj]
=1

l,s=1 l,s=1
IIpUBOAAT K BBIBOAY

3
Zaklaﬂ = 5kj njin AAT = E, (262)

=1

uro marpuna A = ||ag|| oproronanbna [3|. 13 (26.2) caemyer, uro obparHOll K
marpuie A sBisiercs eii rpancnonuposannas AT: A7! = AT 10 ectn, paspemrenne
coorrorennst (26.1) OTHOCHTENBHO i; MPUBOANT K Pe3yJIbTaTy

3

il = Zaﬂej. (263)

j=1
Bo Bpewmst gsuzkennst oprol €;(t) n marpumna nosopora A(t) = |lax;(t)|| 3aBucar or
spement t. Tuddepennuposanue 1o ¢ popmy (26.2) onpesenser BbIpaKeHUs

3 3

Z dklaﬂ = — Zakldjl njain AAT = —AAT. (264)

=1 =1
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[Tpoauddepentupyem no ¢ mepexon (26.1) ¢ mocaenyoreii 3aMeHOl TPpH TOMOIITH
(26.3) i; na e;:

3 3 3
ék = E dklll = E dklajlej = E bk]-ej. (265)
=1 =1 =1

O6oznaueno B = ||by;|| = ||axia;:|| = AAT. Marpuna B kococmMMeTprdHa;

26.4

BT = (AATYT = AAT &Y _jaT — _p,

1 TI09TOMY €€ MOXKHO TIPeJCTaBuTh B Buje |7, v I, § 4]

0 —ws wy
B = W3 0 —W1
—Wy w1 0

3
Eciiu ¢ ucnoiab3oBanueM J1eMEHTOB w;j Marpuubl B BBecTu BeKTOp W = Y wje;,
=1

TO He TPYAHO HENOCPEJICTBEHHO MPOBEpUTh, 4To jBe dopmyab — (26.5) n (4.6)
(ér = |w, ex]) — mpuBOAAT K COBHAJAIONIUM pe3yJabraTaM. DTOT (DaKT eCThb eIé
OJHO J0KA3aTeJbCTBO CYMEeCTBOBAHUS YITIOBOH CKOPOCTH W B Jemme 4.1.

Puc. 26.1
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Cootnorrenne (26.2) HAKTQ/IBIBAET MIECTDH YCIOBHUI Ha JEBATDH JIEMEHTOB (f,; MAT-
purpt A = ||ag|:

E ayaz; =0, E ayaz; =0, E agiaz; = 0.

I=1 =1 =1
Taxum obpa3oM, cymecTByeT NPUHIIUINAATIbHAS BO3MOXKHOCTD TPHU dJIEMEHTa U3 Jie-
BATH (| U3MEHATH TIPOU3BOJIBHO, & OCTAIbHBIE [IECTh BHIPA3UTD (JTOKAJIBHO) U3 MPH-
BeIEHHBIX ypaBHeHuil. Vljim — Bce /1€BATH BBIPA3UTH YePe3 HEKOTOPbIE TPU ME€PEeMEeH-
able. O1HA U3 TAaKUX BO3MOXKHOCTEH OCYIIECTBJISAETCS BBEJEeHNEM YTJIOB Ditjaepa.

Baswuc cucrembr orcuéra iy, ip, i3 u 6a3uc €1, €9, €3, CBI3aHHBIIT ¢ TEJIOM, OTJI0KUM
ot obmeii HavaabHO# Toukoit O (puc. 26.1, opT €y He m300pakén). Yribl Ditrepa
BBOJISITCSI KAK YIJIBI MEXK/Iy BeKTOpaMiu (N — OpT Ha JimHUH y3J0B: nliz, nles):

0= ig,/,/E), — yroJ HyTalluH,;

¥ = i1, N — yroJ Npeneccuu;

© =1, € — YroJi COGCTBEHHOTO BPAIIEHNUS.

e; AI'3

e

1, Y+

Puc. 26.2

OrMeruM, 4T0 KOHKPETHBIIT BHIOOD YIJIOB 6, 1), ¢ OJHO3HAYHO ONPEIEIAET MOJI0-
JKeHHe TeJI1a, HO eC/IN MOJIOKEHUIO TeJIa COOTBETCTBYET KOJIJINHEAPHOCTh BEKTOPOB i3
neg (0 =0mwumm 6 =), T0O He eINHCTBEHHBIM 00PA30M OINpe/IeJIeHbl JTMHUS Y3JI0B
U 3HAYEHHS YIJIOB ¢ U (o, TO €CThb YIVIbI Diljiepa He SBJIAIOTCS IJI00AJIbHBIMEA KOOP-
guHatamu. HecMoTpg Ha TO, 9TO HENIO0ATBLHOCTD MPOSAB/IAETCA “TI0 Mepe HYJb , 3TO
0OCTOAITEJBCTBO MPOSIBJISIETCS B CHHIYJISIPHOCTH HEKOTODBIX ypaBHeHHii (cM. Jasiee

(26.9)).

Teopema 26.1. TBépioe Tej10 MOXKHO HPUBECTH B IOJIOZKEHUE , COOTBETCTBYIOIIEE
yriaam Diitepa 6, Y, @ aByMst IOBOpOTaMH:
1. Bokpyr i3 Ha yroua v + ¢;
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2. BOKpyr n Ha yron 6.
U [lepBorit MOBOPOT MOKa3aH Ha puc. 26.2. €] U €3 — MPOMeXKYTOUHbIe TOJTOKEHHS
OpTOB. YTO0JI ¥ OJJHO3HAYHO 33/1a€T MOJIOZKEHUE OPTA N, KOTOPBIi Onpe/ie/isieT BTopoil
II0BOPOT U OKOHYATEJbHOE Hoozkenue reta (puc 26.1). W

Vb Diiiepa 3a/1a0T ciozkHoe Bpauienue Teja (§ 11): nepsas nojBuzHas cucrema
coBepiaer qucToe Bpamienue (onpejenenue 11.2) ¢ yruioBoit ckopocTbio wy = i,
JIpyrasi MOABMYKHAS CHCTEMa, COBEPIIAeT YHCTOe BpallleHne OTHOCUTEJIHHO MepBOi
C YIJIOBOIl CKOPOCTBIO Wy = n, Teno0 COBEPIIAET YHCTOE BPAIIEHHE OTHOCHTENHHO
mocaeiHell MOABMKHON CUCTEMBI ¢ YIVIOBOI CKOPOCTBHIO w3 = @e3. [Io Teopeme 9.1
abCOMIOTHAS YIJIOBasg CKOPOCTh TeJIa paBHA:

w = iz + On + pe;. (26.6)

Borauciium koddduiimenTsl p, g, r pasjiozKeHus yrjoBoil ckopocTu 1o 6asucy, cBsi-
3aHHOMY C TE€JIOM:
w = pej + qes + res. (26.7)

Jns1 Bbraucaenusi, Hanpumep, Kobdduruenta p Tpedyercs dbopmyy (26.6) ckamusp-
HO YMHOKUTH Ha, €1:

p=(w,e)= @(i?ﬂ er) + é(n, e;) + (e, er).

Onyckasi BEIYUCTEHNE CKAJIAPHBIX TPOU3BEICHUI, BBIITUIIIEM Pe3YIbTAT JJIs P U s
Ipyrux KodMUIHEeHToB ¢, 7

p = ¢sin951ngo+9cosg0,

g = tsinfcosp—fsinop, (26.8)
r = 1cosf+ .

YpaBaenus: (26.8) Ha3BIBAIOTCS KUHEMATHYECKMMH ypaBHEHUsIMH Diijiepa.
[Tocre paspemnieHns OTHOCUTENIHHO MTPOU3BOIHBIX YPABHEHUS CTAHOBSATCS CHCTEMOM
0ObIKHOBEHHbIX JudpepeHinajibHbIX YpaBHEHUT B HOPMAJILHOM BH/IE:

. 1
¥ = (psing+qgcosp)——s;,

. sin
0 = pcosp —qsiny, (26.9)
© = (psing + qcosp)ctgh.

ObpamaemM BHEMaHIe Ha ODEIIAHHBINA Sin B 3HaMeHaTeIe.
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