CEMMHAPHI ITO TEOPETUYECKON MEXAHUKE OCEHHEI'O CEMECTPA
ITEPBOE 3AJIAHUE.

®.1.0. npenogasarens: Cemenasien Cepreit BsuecnaBoBuy.

O0mas nupopManys 0 CEMHHAPAX N0 TEOPETHYECKOI MEXaHUKe

Cnaua 3amanuii OyieT MPOUCXOAUTH 0€3 OTMETOK B 3a4ETHOM KHUKKE.

Cnaua 3a1aHuii — caMblif aKTUBHBIN MPOIECC OOYUYCHHSI TOCIIE MTOCEIEHUS] CEMHUHAPOB M JIEKIUN U
JIOMaIIHel paboThl.

Ecau xTo-TO HE caaeT 3agaHus, eMy MOXXHO B M30JIMPOBAHHBIX YCIOBUSX (0€3 KHUT) MPEIOKUTH Ha
9K3aMEHE PEIINTh TPH 3aJ1auu. 3a/1auu HE U3 3aJlauHuKa, 0€3 0TBETOB. 3a/1auu (Bce U 0€3 eaMHOM
OIIMOKM) HAJIO 3aIUTUTH Mepe]] KOMHUCCHer U3 ABYX YenoBek. J{axe ecnu 3aauu penieHbl, HO CAAIOIINUN
HE MOKET OOBSICHUTD PEIICHUs, TO TIOTYYHUT IBOHKY.

Kozcoa nauunaemcs npuem emopoco 3a0anus, y 3a6edyroueco kagheopoti Ha cmoJie O0JIHCEH JIeHCaAmb
CHUCOK CIMYOeHMOo8, He NPUCIMYRUSUIUX K cOaye nepeoco. Pexkmopam umeem npaso maxux cmyoenmog
ucxmouums. Coobwaro 06 3mom 3apauee.

[MoompurenpHas Mepa HOPMAIBHOMY CTYIEHTY (ITOCEMIAIOIIEMY 3aHATHS, XOPOIIIO U BO BpeMs
CIaloIIeMy 3a/1aHus) — He Ial0T TpeX 3a7ad Ha Sk3aMeHe. OTIIMYMBIINECS Ha CEMUHAPax U NP ciadye
3aJlaHui MOTYT CAATh SK3aMEH JIOCPOYHO. DTO pelIaeT MpenojaBaTellb, BEAYIUNH CEMUHAPCKUE 3aHATHUS.
Heckonbko cnoB o nekuusix. XoauTe Ha JeKuu. JIekunu AarT o01Ire npeCcTaBIeHUs O PEAMETE.
Heckomnbko c10B 00 yueOHMKax. CIHCOK €CTh B COOpHUKE MPOrpaMM U 3aiaHuil. PekoMeHy10 B3sITh Bce

y4eOHMKH U3 criucka. Taxke ecTh MeToan4Yeckue nmocodus Ha kadeape u Ha caifre teormech.mipt.ru.

3AMEYAHUA
Ilosmopenve — mamyo yuenvs (nociosuya).
e PexoMeHayro IIpU U3YyUYEHHUH CIIEpBa MPOYUTATh TEKCT CEMHUHApa J10 KOHIIa, 0000
HE BHUKas B MOJPOOHOCTH (HOPMYIL, @ CTAPasICh YIOBUTH CyTh.
e [Ipu BTOpOM NpOUYTEHNU BHUKANTE B IOJPOOHOCTH.
e [Ipu Tperbem cTapaiiTech 3alIOMHHUTH B OOIIMX YepTax (110 CMBICIY) U 3aTEM

JOCJIOBHO ((popMyIupOBKH, POPMYJIBI).
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CEMUMHAP Nel.

)

KMHEMATHUKA TOYKH.

Cnoco0blI 3aJaHUs IBHKEHUSI MATEPUAJIbHON TOUKHA

- . dr
JBIKEHME 3a/1a€TCsl paJInyC-BEKTOPOM IOJI0KEHHS 7 (¢), CKOPOCTBIO U(1) =— B
t

= dvo d°F .
yckopeHuem W (t)= —; =7 B K@KIBIA MOMEHT BDEMEHH.
tdt

Koopounammuiii cnoco6 npenycMmatpuBaeT BBeJcHHE 0000IEHHBIX KOOPAUHAT. DTO

Jr00BIE TPU HE3aBUCHUMBIC BEJIMYMHBI, OJJHO3HAYHO 3a/Iaf0IIHE TI0J0KEHUE TOYKH B
npocTtpancTBe. O603HAOTCS: ¢,(1),q, (¢).4; (7).

YacTHblil cimyuaii 00001IEHHBIX KOOPAUHAT — 0eKapmosbl KOOpOUHamol x,y,z (CM. puc. 1).
Ota cucTeMa OpTOTOHABHBIX ocel HenoaBKHA. C OCSAMU x, y,z CBS3BIBAIOTCS OPTHI
i,j,k, COOTBETCTBEHHO.

F=xi+y+ zk

O=xi +Jjj+zk

—

W =i +3j +zk

z

Pucynok 1
Hap;my ¢ 0000IIEHHBIMHU KoopauvHaTaMu BBOJATCA KOOPAMHATHBIC JIMHUU — JIMHUU,
KOTOPBIE OMUCHIBAET TOUKA MPU U3MEHEHUHU KAXKJIO0W U3 KOOPAUHAT P (PUKCUPOBAHHBIX

Ipyrux. Beigensercs nmpou3BOIbHbIM MOMEHT BpeMeHH ¢, . Pukcupyercs q,,q;, T.€.
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q,(1,+1),4,(%).4; (1)) . OTa 1aCT KOOPAMHATHYIO JIMHHIO ¢,. AHAIOIMYHO!

,(%,).4, (1, +1),4;(1,) TACT KOOPAMHATHYIO JIMHHIO q,, U ¢, (1,).4,(%,).4; (1, +t) Aact

KOOPJIMHATHYIO JIUHUIO ¢, (CM. puc. 2).

q;

Pucynok 2

BBomsATCSt OpPTHI €,,¢,,¢, (JIOKAJIbHBII 6a3KC) - AMHAYHBIC BEKTOPHI [0 KACATEIbHBIM K
KOOPAMHATHBIM JIUHUAM ¢, (¢),q, (¢).¢;(¢) . Kaxkmomy MoMeHTY BpeMeHH, B 00111eM,
COOTBETCTBYET CBOsI KOH(UTypaius opToB. OHU MOTYT ObITh HEOPTOTOHAIIBHBI.

Eiiie 0JHAM 4aCTHBIM ClTydaeM 00OOIICHHBIX KOOPAMHAT SIBIISIOTCS YUIUHOPUUECKUE

Koopounamsl p,p,z (CM. puc. 3).

NZ

N4

Pucynok 3

Ha PUCYHKC BBIACIICHBI JKUPHBIM KOOPJAWHATHBIC JIMHUU MUJIMHAPUYICCKUX KOOPAUHAT.

Kakum 006pa3oM MOKHO BBIPa3UTh CKOPOCTH Uepe3 0000IIeHHbIE KOOPAUHATHI?
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[To mpaBuiam B3ATUS TPOU3BOAHON CIOKHON (QYHKIUH:

5(t)= df(‘]l (t)’% (l)>% (t)) :iiq

dt i1 0q, i
OpTBI: glz_la_r
| o
0q;
ol axY () (e
BBogsar Benuuunsl |H, = Tl ZE 42+ E] - kodhunments Jlame.
aq; 0q; 0q; 0q;

C UX MOMOUIBIO BBIPAKEHUE AJISI CKOPOCTH IPUHUMAET BUA:

3
o(1)=_Hge|.
i=1

Korzaa kpuBOJIMHEHHBIE KOOPAMHATEI UMEIOT HATJISIIHY T€OMETPUUYECKYIO KAPTUHY
(lekapToBbIe, HMIIMHIPUYECKHUE, MOJISPHBIE, ChepuyecKrue KOOPAUHATHI U T.[.) JUIS

HaxoXxJIeHu KoddduiineHnToB Jlame MOKHO HCTIOJIB30BaTh (PopMyIIy:

ds, = Hdgq,|,

TA€ ds, - DJIEMEHT IyT'¥ BJOJIb COOTBETCTBYIOIIEW KOOPANHATHON JINHUH ¢, .

B nexapToBbIX KOOpAMHATAX, HAPUMED, Bce KOAPPUIMeHTh! JlaMe paBHbI €AMHULIE, U
ds’> =dx* +dy’ +dz" .

Korna xoopannatHas TUHUS ABIISETCS TPsIMOH, K03 duiuent Jlame 11 Hee paBeH
CIUHULIE.

B nmnunapuyeckux KoopauHaTax:

ds,=H,dp=dp—=H, =1

ds,=H,dp=pdp=H,=p

ds,=H dz=dz= H_=1

Ocu KpUBOIMHENHBIX KOOPJANHAT HE BCErAa OPTOrOHAIIBHBI, TI0O3TOMY CTAPAKOTCS

UCnoJjib3oeanvb opnmocoOHAIbHbLE, ot Komopblx:

3
2 2.2
v = E Hq;|.
i=1

B CJIydac HMIMHAPUYCCKHUX KOOPAWHAT!
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VI =p +pl" + 7.

B nonapuwix koopounamax p,p (z=const) 175 KOMIOHEHT CKOPOCTEH BI0JIb

KOOPANMHATHBIX JIMHUN p U @ BBOIATCS, COOTBETCTBCHHO, TCPMHUHBI:

v, = p| - paauajJbHas CKOPOCTb,

v, = p@| - TPAHCBEPCAIBLHAS CKOPOCTh.

Ha puc. 4 noka3anel HanpaBiIeHUs 3TUX CKOPOCTEH, B cilydae p>0,9>0.

Pucynoxk 4

Kakum o0pa3zom 3amaercs yckopeHue B 0000IIEHHBIX KOOpAUHATaX?
BekTop ckopocTH 3a1aeTcsl BEKTOPHBIM Pa3I0KEHUEM 110 OPTaM KOOPAUHATHBIX JIMHUM.

OnHako BEKTOP YCKOPEHUS 3a4a€TCS OPTOTOHAIBHBIMU MPOEKIUAMU (CM. pUC 5).

Pucynok 5

oo L|dfo(v)]_o[v
“"H\dt\ég |\ 2 ) og | 2

Hy)KHO IIOMHUTB, YTO 31€Ch g, U qi paccMaTpuBarOTCA KaK HE3aBUCUMBIC IICPCMCHHEIC, a

HC KaK KOHKPCTHAA TPACKTOPHU:I.

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa



[IponomkuM paccMOTpPEHHE cilydast HAITUHIPUIECKUX KOOPAUHAT.

Panee Mu1 Hanm: v°> = p° + p°¢° +2°.

Torna

oL [d
H | dt
1

- L[4
H, | dt

L[4
H_| dt

o (p +p9*+2 o(p +pp°+2 .

< P TP _ o p TP :p_p(oz

op 2 op 2

o (p +p¢°+2 o (p+p¢°+2 1(d,; ,. o
< 9 N s —0|=pp+2
a(p[ . p : > —(P°0)=0 |=pi+2p0

2 p2+p2¢2+z-2 _2 p2+p2¢2+z-2 _Z
oz 2 0z 2

B nonspubix koopauHatax ( z = const = W, = 7 =0) KOMIIOHEHTbl YCKOPEHUM HA3bIBAOTCS:

W,=p-pp’

- paauaabHOe YCKOpeHHe,

W,=pp+2pp| - TPAHCBEPCATIBLHOE YCKOPECHHUE.

Ha puc. 6 moka3zaHbl HalpaBJICHHUS STUX YCKOPEHUH, B cliydae p—p@’ >0, pp+20¢p > 0.

Pucynoxk 6

PaccmoTtpum emie oiuH IpuMep OPTOrOHATBHBIX KOOPAUHAT — cepuueckue r,0,¢ (CM.

puc. 7).

[Tonb3ysce popmynoit ds, = H,dg,, HAXOAUM

H =1
H,=r
H(p =rsin@
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5 oY (oY (&Y
Ecii 61 MBI BOCTIOJNTB30BATTUCH POPMYJIION H, = | o] gy | A HaxOXKAeHMA
g, q, g,

ko3 durmentos Jlame, y Hac OBl YIIUIO TOJCTPAHUIIBL.

Pucynok 7

Hanee
3 .

V' =Y Hl§} =i +r'0> +r’¢’sin’ 0
i=l1

1 ITOJACTABHB B BBIPAKCHUC JJIsA OpTOFOH&J’IBHOfI IMPOCKIHWH YCKOPCHUS HAa OCH

KpHBOHHHeﬁHBIX KOOpAWHAT, ITOJTYYHM:

W, =i-r(0° +¢sin* 0)

d/om 2. j
W, =—| —(ré)- sinfdcos
¢ r(dt(r ) ne

1 di,. .,
W"’:rsin@(z(’ﬂ @sin 9)—0)

PGKOMGHI{YIO VVH u W(p JOBCCTH 4O OKOHYATCIILHOI'O BHJa CaAMOCTOATCIIBHO.

Paccmotpum 3agauy C.1.19.

p

B nonspubeix koopauHarax r =
l+ecosg

, IAC YI'OJI ¢ OTCUUTBIBACTCA OT IICPUICA (CM.

puc.8).
3aKoH WIomAaneil ¢ =c = const ABISICTCSA HU YEM UHBIM, KaK OJTHUM U3 3aKOHOB

Kemnepa.
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llepuceu

Pucynox 8

Kax 0p110 HaliIeHO paHee paauaibHOE YCKOPEeHHE naeTcs hopmyioi
W =i-rg’.

[TocTapaemcs yiitu oT nuddepeHIpoBanus 1o ¢, U nepeiaeM K auddepeHIupoBaHUIO

o ¢ .

JlL
dr dr . dr c r
—=_¢:_—2=—C
dt do dor do

311ech MBI BOCIIOJIb30BAJINCh 3aKOHOM ILIOIIAICH 7°¢ = c = const . Jlayee

I I
2L 2L
dzr_i(ﬂj-__c mi__i u
it do\dt )’ Tde 2 P dg

1 1 e o
Tornaa, ¢ y4eToM TOTO, UTO —=—+—cos ¢, HAlAeM
r p p

B HCHTPAJIBbHOM II0JIC TPAHCBCPCAJIbHOC YCKOPCHUC JOJIZKHO OBITH PaBHO HYJIIO.
IIpoBepum:

i ni: 0o
W,=rp+2rp=07

HeiicTBUTENBHO, TpoaudhepeHIIUpYEM 3aKOH IIIOIIAICH:

%(rng)zg(c)
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, 1 TIOJTYyYHUM:

2¥%i@+r p =0, 9T0 ¥ TpebOBAIOCH TOKA3ATh.

Teneps nepeiieM K cieayroiiemMy cnocol0y 3alaHus ABUKESHUS TOUKH.

Ecmecmeennnvlii cnocod 3a0anusi 08UNCEHUL MAMEPUATIbHOU MOYKU

JIBr>kKeHHe paccMaTpuBaeTCs BAOJb KOHKPETHOM 3aJaHHOU TPACKTOPHUHM, a B KAUECTBE
napaMeTpa BBICTYIIAeT JUIMHA AYTH TPACKTOPHUH S .
BBoautcs ecrectBeHHBbIH TpexrpanHuk Jdap0y, coctosiuii U3 OpTOroHaJIbHBIX OPTOB

KacamenbHOoU, HOpMaiy u OuHopmany K JaHHOW TOYKE TpaekTopuu (cM. puc. 9).

Pucynox 9

Kacamenvuwiii opm nanpasnen no kacamenbHou K mpaekmopuu 8 OAHHOU MmouKe,
HOpMAalb K YeHmpy KpUSUsHbl mpaeKmopuu, a OUHOPMATL CIPOUMCS KAK 6eKIMOPHOe
npouseedenue b =[7 xii| .

CKopocThb 3a71a€TCs BBIPAKEHUEM:

_ods . .

V=—07 =0T
dt

Yckopenue:

= 2
Dt 0z Y i,
di ds _di p

W=
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TI€ p - paANyC KPUBU3HBI TPACKTOPUHU.
3amMeTuM, YTO YCKOPEHUE UMEET JIBE€ KOMIIOHEHTHI, KOTOPBIE JIJIsl OIIPEACIICHHOCTH

Ha3bIBAIOT.

dv
W = d_ - TAHTeHIMAJIbHOE YCKOPeHHue,
t

T

2

v
W =— - HOpMaJIbHO€ YCKOPEHHE.
Y2

HopmainibHOE ycKkOpeHHe BCerjia HalpaBieHo K LIEHTPY KPUBU3HBI TPAEKTOPHH.

[TockonbKy 6a3uc opTOroHasEH,

v- %) (2)-

Ha nannyro temy npemsiaraercst paccMoTpeth 3anauy M.3.74 (unu M.12.27 B

3aBUCUMOCTH OT U3JaHUsA).

JIBMKEHUE TOYKH 3aaHO B MOJISIPHBIX KOOpAMHATAX
r=ae",p="kt.

Haiitn ypaBHeHUE TpaeKTOpUHU, CKOPOCTD, PAANyC KPUBHU3HBI.

YpaBHEeHHE TPAeKTOPUH: r(¢)=ae” - MOrapupMUIEcKast CIIupab.

B IMOJEIPHBIX KOOpAWHATAX:

pajxuanbHas CKOPOCTh v, (1) =7 = ake"

TpaHCBEPCallbHAs CKOPOCTh v, (1) =r¢ = ae'k .

IostoMy =/’ +0] =~/2ake" = kr2

PanuansHoe yckopenue W, =i —r¢’ = ak’e” —ae''k’ =0.
TpancsepcanbHOE YCKOpeHUe W, = rg+2i¢p =0+ 2ake"k = 2k’r .
Tak xak W, =0, 10 W =W, =2k’r .

Pannyc KpuBU3HBI TPACKTOPUH:

p:] v’ ]2:\/ Kria 5o

\/W2 _(du Akt = 2k*?
dt
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CoBnaaaroT v 1o HAMpPaBICHUIO HOPMAIBHOE YCKOPEHHUE C paJHalIbHBIM, a
TaHTeHI[MAIbHOE ¢ TpaHcBepcalibHbIM? B o61iem ciydae, Her. Cum. puc. 10, rae nomaxoe

YCKOPCHUEC PA3JI0KCHO HAa KOMIIOHCHTEI B ITOJIAPHBIX KOOpAWHATAX U B CCTCCTBCHHBIX.

Pucynok 10
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CEMUMHAP Ne2.

)

JABWXEHUE TBEPAOI'O TEJIA OTHOCUTEJIBHO HEITOABMXHOI'O
ITPOCTPAHCTBA.

JABWXEHUE TBEPAOI'O TEJIA OTHOCUTEJIBHO HEITOABMXXHOI'O
ITPOCTPAHCTBA.

(3AKOHbI PACIIPEJIEJIEHUA CKOPOCTEU U YCKOPEHUH B TBEP[JOM TEJIE)
Mamepuanvnas mouka — reOMETpUYECKAst TOUKA, KOTOPOU ITIOCTABJIEHO B COOTBETCTBUE
IIOJIOKUTENIBHOE YHUCIIO m - Macca.

Teepooe meno — Takasi COBOKyITHOCTb MaT€pUAJIbHBIX TOUYEK, UTO PACCTOSHUE MEXKIY
JH0OBIMU IBYMSI HEU3MEHHO.

PaccmoTpuM nekapToBy cUCTEMY KOOPAUHAT X, y,z, B KOTOPOH PacIOIOKEHO TBEPAOE

Teno (cMm. puc. 11).

Pucynoxk 11

C meepovim menom, B CBOIO OUEPENb, HCECMKO C8A3AHA PYTasi cucmema KoopouHam

&,n,¢ , C HA4aJIoOM B TOYKE O TBEPJIOrO TeJIa U JABUKYIIASICA OTHOCUTEIBHO

HEIOJBUKHOTO MPOCTPAHCTBA.

Hac unTtepecyer ckopocTb U YCKOPEHUE TOYKH M , MPUHAJJIEKAIEH TBEPIOMY TEIy.
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Panunyc-BeKTop TOUKM M ONpeaensieTcs BhIPaKeHUEM:
F,=F,+OM .

CrneyeT OTMETHTb, 9YTO OM HOCTOSIHEH IO MOJLYJIIO: ‘O—M‘ = const .
B rpeueckoii cucreMe KoopauHar &£,7,¢

OM =¢i+nj+ ¢k,

npudeM &,7,¢ - IOCTOSIHHBIC, A 1, /,k - JIBUKYTCS OTHOCUTEIIBHO X, ),z .

BBeznem BeKTOp @ TakuM 00pa3oMm, 4TO

L [oxi] L -[ax 7] 2 ~[axk] .

3zech U nainee [exe]| 03Ha4aeT BEKTOPHOE IPOU3BEICHHE.

BBeneHHbIl TakuM 00pa3oM BEKTOP @ HA3BIBAIOT YIJIOBOI CKOPOCTHIO TBEPOI0 TeJia.
Torga ckopocTh TOUkM M paBHa (3TYy (hOpMYJTy Ha3bIBAIOT 3AKOHOM pacrpe/ieaeHust

CKOpOCTeil B TBEPIOM TeJie):

— _di, _di, dOM [ T =

Oy |=——=—"+ =0, +| @xOM ||,
ar dt o ar 0 [ }
ITOCKOJIbKY

qom A(G+nj+¢k) @ & dk
= =E L=
dt dt dt dt dt

~ [ axien[ox ]+ ¢ [axk]-
=[@x(§;+ﬂ]+§]€):|:[@xw]

AHaIOrnyHO MOYHO MOJYYUTh YCKOPEHUE TOUKA M (3aKOH pacinpeeseHUs yCKOPeHU

B TBEPAOM TeJie):

W, =W, +[EXW]+[5)X[@XWH

. do
rne &=—" - yIJI0BO€ yCKOpeHue.
t

B cnyuae, koeda mouka O_nHenoodeuscna,

na,=[5x6ﬁ2]+[@x[@x6ﬁ2]}

" 1J11 OIIpCACJICHHOCTHU BBOAAT TCPMUHBI:
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W,, = [E xO—M} - BpalaTejibHoOe yCKOPEeHHe,

W, = [cT)x [c?)x Wﬂ - 0CceCTpPEeMHTEILHOE YCKOPEeHHe.

Ocecmpemumenvhoe ycKopeHue 6ce20a HanpagieHo K MCHOBEHHOU OCU 8paujenusl, T.€. K
OCH MPOXOASAIIECH uepe3 BEKTOp @ (F€OMETPUUYECKOE MECTO TOUYEK C HYJIEBBIMU
MI'HOBEHHBIMH CKOPOCTSIMU).

Ecnu paccmaTpuBaeTcst ABUXKEHUE C HEMOABUXKHON OCBIO, TO TOUKY O LEIECO00pa3HO

Opatb Ha ocH (cM. puc. 12).

A

S

My

]

Pucynok 12

Torna

U, = [c?)x oM ] HAaIpPAaBJICHO IO KAaCaTeJIbHOM K OKPYKHOCTH paanyca h,, .
W, =[5 OM |+ ax[ axOM ||

Ho [@x[@xoTjﬂ - [@x[@x@ﬂ = &(dwh, )~y =-0’h,
i€ h, - BEKTOP, 3aJaI0IMI PACCTOSHHE OT OCHU 10 TOUKH M ,

(@E) =0, IOCKOIBbKY @ L h,, .
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B utore nonyuaem |W,, = [E X O—M] ~&*h,,|.

[E xOM J - COBITQJACT 110 HAIIPABJICHHUIO C U,, ,

~w*h,, - HATIPABJIEHO B IPOTHBOIOJIOXKHYIO 4, CTOPOHY.

[Ipu packpbITUX BEKTOPHOTO IPOU3BEAECHHUS UCIIOJIb30BAIOCH ITPABUIIO:

| x| BxC]|=B(4-C)-C(4-B).

Korga MrHoBeHHast OCh HENMOABUKHA ( £ || & ), TOTIa BpaIIaTeNbHOe yCKOpeHue W,
COBIIAJIAET C KACATENLHBIM W, U OCECTPEMHUTEIBHOE YCKOPEHUE W, COBIAIAET ¢
HOpMalbHBIM W, . B obmiem cirydae (£ Jf @), JaHHOE COOTHOLICHHUE HE BBIOIHSETCS, U
KpOME TOro, W,, u W,. HE OPTOrOHAIILHBI.

Ha puc. 13 yka3aHbl HanpaBlieHUs yCKOPEHUH AJIs ciydast & Jf @.

Pucynoxk 13

IIp,M - IpOEKLMs TOYKH M Ha OCh @,

b,, - BEKTOp OT OCH & K TOYKe M ,
WE' HanpaBJIEHO 110 KacaTeNlbHOM K OKPYKHOCTHU pajauyca b,, ,

WS HanpapeHoO K MTHOBEHHOM OCH @ .

3anumeM @ = ®®,, TNE @, - CAUHUYHBIA OPT BIIOJb @ .

— d = —
Torna E:d—w:M:d—w@ﬁa)da)"
dt dt dt dt

BBeneM BekTOp Q TaKuM 00pa3oM, uTo d;)(’ = [Qx c?)o] .
t
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T.x. @, 3aaeT HANpaBJIeHNE MTHOBEHHOM OCH, TO Q A1AemCs Y2060 CKOPOCHIbIO

nOBOPOMA 6eKMOPA Y2080l CKOPOCMU @ .

B urore,

. do _ .
[IepBasg KOMNOHEHTA &, = 7(00 coomeemcmeyem U3MeHeHUro )21060U CKOPOCmU No
t

MOOYJ10, BTOpast KOMIIOHEHTA &, = [Qx@] coOmeemcmeyem UsMeHeHuIo y2i060ll

CKopocmu no Hanpaejaerumro.

PaccmoTpum nosipoOHee nirockonapanienvHoe 0guicerue.

Omo osudicenue meepdoeo mena, npu Komopom O0BUDICEHUSL BCEX €20 MOYEK JIedHCaAm 8

Nnja1ocKocmAx napajijlejlbHblX HeKOI’I’lOpOIZ niockocmu.

Dopmyy W,, =W, + [5 x O—]\/ﬂ + [c?)x [Zox O—Mﬂ MO’KHO TIpeoOpa3oBarth B 00JIEE IPOCTYIO.

T.x. mpu MI0CKOMAPAILIETBHOM ABUXKEHUHU &,0 L OM

Q‘=O,T0

—

W, =WO+[§XW]—wZW

3HaHue CKOpOCTeﬁ JTFOOBIX ABYX TOYCK IIPH INIOCKONIAPAJIJICIIbBHOM JIBUKCHHUU ITO3BOJIACT
HaWTH MTHOBEHHBIN LHCHTP CKOpOCTGI;'I W, ApyTrumMu CJIOBaMH, MTHOBCHHYIO OCb

BpatieHus (cMm. puc. 14).

Pucynok 14

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa



MrHoBeHHas OCh BOCCTAaHABJIMBAETCS KakK MEPCCCUYCHUC IMCPIICHAUKYIIAPOB K 50 n le , a
U, =0. Pactipeienienne ckopocTeil Takoe, Kak eciii Obl ObUIO YHCTOE BpalleHUE:

b, =| &xPM |.

[Ipumep. Kauernue 6e3 npockanb3vigarusi.

B 36!061'{61)6 OaHHoe 6bIPAJICEHUE 3HAUUNT, YMO 6 MOYKE KACAHUA meepdoeo meja c

NoBEPXHOCNIbIO CKOPpOCNnlb mejd padeHd CKOpOCmMU NOBEPXHOCNIU.

Ecnu moBepxHOCTh HEMOJBUXKHA, TO CKOPOCTh TOYKM KaCaHHs paBHA HYJIO (cM. puc. 15).

0

W, #
P 5, =0

Pucynok 15

EcTb emie ogqHO Ba)kKHOE 3aMEUaHMe, KOTOPOC ABJIACTCA CBOMCTBOM TBEPAOro TCiia

(HGp&SprBHOCTB )51 HGC)KI/IMaeMOCTB)i

IIpoexunu ckopocTei JHOOBIX IBYX TOYEK TBEPAOro TeJIa HA MPSAMYI0 COeIMHAIILYIO

HX paBHBbI (cM. puc. 16), T.e.

IIp,,, 0, = 1Ip,,, Uy,

Pucynoxk 16

Hcexons 3 3T0ro OLEHUM BO3MOKHBIE BAPUAHTHI PACIIPEETIEHNS CKOPOCTEN NpH

IJIOCKOTMapajuieIbHOM JBHKEHUM (puc. 17).

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa 17



Ilocmynamenvhoe Bpawenue Bpawenue

Pucynok 17
3agaua M-595 (24.17)

Pucynok 18

Haittu v,,,W,, B TOT MOMEHT, KOT1a OA L AM

[TocunTaeM yrioBbie CKOPOCTH IIECTEPEHOK.

s mepBoit mectepenku MIIC1 B Touke O = v, = wR.

s Bropoit mectepenku MIIC2 Ha pacCTOSsHUM x OT TOYKH K .

3

K :ERa) = w,x (T.K. HET IPOCKAJIb3bIBAHUS MEXKAY LIECTEPEHKAMHU ).

R
L:a)R=a)2(——xj
2

OTCIOI[aI§= al :>x=iR:>a)2=5a)
2 R/2-x 10

Uy =(£+1Rja)2 =ia)R-5 =4wR
2 10 5

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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=

v 4 w,0
v, =3wR, cnegoBaTeNbHO, T.K. —X =—=—32
3

= , TO O,A=3R,O,N =4R
v, @,0,4

[Toatomy w, =w, s, =¢ .

v, = @,0M = \JO,4> + AM* = wR\10
W, :WA{;XW]—@ZW

2

W, W, =e3RW, =24 =@ 3R (BpalIeHHE [IO0CA 4 OTHOCUTEIBHO TOUKH O)
o

)

. -
WA

A

Pucynok 19
W =eRW =o’R

W, :\/(WAT—WAfC)Z w(wer—w,) =\/(53R—a)2R)2+(gR—a)23R)2 =

=R\/10(52 ro')-120%

3anaua M.569 (18.12)

Pucynoxk 20
OA=R,AB=5R

(0]

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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@5, 45-Wy =7 B TOT MOMEHT, KOorZ1a AB 1L OA
a=p=45
v, =R

W,=w’R
poc—_ O sp_ @R
5 25 5

[Tpoeknuu Ha ABa HaMpaBJICHUS: HA AB U | AB:

@’R 2

oW, = —Ta)zR (W, HanpapieHO BHU3)

Wy
V2 5
Wy
J2

4
L —w'R+e,5R=¢,, :2—5(02

@
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CEMUMHARP Ne3.

)

JIBIDKEHUE TEJIA C OJJHOIM HEIIOABIUYXHOM TOYKOM. CJIOXKEHUE
JIBIDKEHUIA.
JIBIDKEHUE TEJIA C OJJHOM HEITOABIXHOM TOYKO!.

, =0, +| @xOM |=| 5xOM |

C

ﬂ@:zﬂz+[§x€ﬁ2]+[@x[@x€ﬁ2]}:[5x2ﬁ2]+[@x[@x6ﬁ2]}:W§?+Wﬁx

@ - MHBApHAHT OTHOCUTENILHO BBIOOpA MOJIOCA (JI0Ka3aTh CAMOCTOSTENBHO).

3anaua C.4.33.(+HepaBHOMEpPHOE BpaIICHUE)

WBBP 1 B

BP2
Wy

Wy

A 5P
4

yenmp _ py

< : J MOB
a)k*onyca 81 Z‘JO K A
2

Pucynok 21

Kauenue 6e3 npockanb3biBaHUs YKAa3bIBAET HA HAMPABIEHUE MTHOBEHHOM OCH BpalleHUs
(MOB).

oC=h

[Tycts Oymer £ 1T Q.

Haiwitu w)° . wl<,w} ,w; —? (yCKOpeHUs B pa3HBIX MPEACTABICHUSX )

Touka C, Kak OJIHa U3 TOUEK ocu cummempuu KoHyca OC , IBUKETCA KaK U OCh

CUMMETPHH C YIJIOBOM CKOPOCTBIO Q BOKPYT OCH OB, IO3TOMY:

v.=Q-O0K = Qi (® HampaBiieHa OT Hac)

V2

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa 21



C npyroui cTtopoHsl, Touka C, KaK OJHA U3 TOUYEK KOHYCA, IBUKETCS C YIIIOBOW CKOPOCTHIO

®,,,.. BMECTE C KOHYCOM BOKpYT ocu O4 (MOB koHyca Mbl HallUIH), TO3TOMY

Konyca

h
UC = a);mnyca ' CK = a)konyca E
= w,,. = (PaBHbI 10 BEJIMYMHE, HO HE IO HAMPABIICHUIO)

Konyca

= Uy == @00 - OB = QM2
Q - yriaoBas CKOpPOCTb OCH CHMMETPHUU KOHyca. Bo Bpems nemxenuss OC u OA nexar B
IJIOCKOCTH OAB = () - TaK¥Ke€ SBIISIETCSA YIJIOBOM CKOPOCTBHIO IOBOPOTAa MTHOBEHHOU OCH
BpallCHUS.
E=¢ +6&,
A, _dQ
dt di

H:Q X a)lconyca Donyea = =Q’ ’ (G)

J=2
wrr :‘[* B] eh\2,
W = e = ‘[ i }‘ ‘[%Xa}‘zgzhﬁ

W< = =2

Km-tyca

=¢&,(«)

M
Il
|

(W = —wzﬁM , h,, - paccTostHue ot Touku M 10 MOB)

w, =w" +(WBB” + WBOC) =W+ W,

DB = [Z‘)Kouyca X @]

W mepneHauKyIApHO IIOCKOCTH OAB, KaK ¥ U, 3HAYMT:

W; — WBBPI , W; — WBBPZ + WBOC

I[JIH TOYCK, JICKKAIINX Ha MOB, HC3aBHUCUMO OT TOI'O, paBHOMCPHO HWJIM HCPABHOMCPHO

BpaIlleHHE, yCKOpeHue OyaeT HampasicHo T .

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa 22



CJIOXKEHUE JIBUXXEHUI
Panee mb1 paccmatpuBanu aukenue Touku (T - Touka), 3aTeM nepenuiv K ABUKESHUIO
TOYKH, KaK yacTu TBeporo tena (TT — TBepaoe Teno), Tenepb pacCCMOTPUM JIBUKEHUE
Touku Ha TBepaoM tene (TTT — Touka Ha TBEpAOM Tele).
(T>TT ->TTT)
Touka ABUKETCSI OTHOCUTEIIBHO HEKOTOPOM Cpeibl, KOTOPasi B CBOIO OUYEPE/ib IBUKETCS
OTHOCHUTEJIbHO HETOJIBUKHON Cpeibl. Y CIIOBHO ABMKEHUE MOKHO Pa3I0KUTh Ha
COCTaBJISAIOIINE:
& AOcomoTHOE ABWKEHUE (a ) — IBM)KEHHUE TOUYKH OTHOCUTEIHLHO HETOABMKHOM
cpepl,
& OTHOCHUTEIbHOE JBUXKEHHE (7 ) — ABMIKEHHNE TOYKH OTHOCUTEIIHFHO TOABMKHOM
Cpepl,
& TlepeHocHOe BMXEHUE (¢ ) — NBUKEHUE MTOJBWKHOU CPeJIbl OTHOCUTEIIBHO
HETOJBUKHOU Cpe/ibl (WJIA IBHXKEHUE TOUKH 3a CUET MOJIBHXKHOM CpeJibl, KaK eCiu
OBl TOUKa ObLIA KITPUKIICCHAY)

Harnsgnolt ntroctpanueit siBiasieTcs MypaBeil, Oeraromniuil o najioyke.

Pucynoxk 22

TpaekTopust OTHOCHUTEIIBHOIO ABH)KEHUS MypPaBbsl — MPsMasi, TPACKTOPHS IEPECHOCHOTO
JIBMOKCHHSI MYPaBbsi — OKPYKHOCTh, TPACKTOPHUS a0COTFOTHOTO JIBUKCHHS MYPaBhs —
OoJiee clioXKHasl, CIIMpaJICBHIHAS.

CkopocTH ¥ YCKOpEeHHSI 0003HAYEHHBIX JIBUKEHUN MOXKHO CKJIAJIbIBATh.

|

Ci

=0,+0,

a e

OM =¢&i +nj +Ck (puc. 23)
D, =&i +11j + ¢k
0, =0, +| @,xOM |

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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I
i
|
i

S
[

+
+

Z )
0) y g
X
Pucynok 23

W, - yckopenne Kopuonuca

W, =W, +[ 2, %OM |+| &,x[ &xOM |

Eciu aBUKeHHE MOABUKHOM CPEIbI IOCTYNATENBHOE, T.€. @, =0, T0 W, =0,W, =W, .

Ao - .
W,
dt 2

T4,
dt 2

3apaua C.2.14. (cMm. puc. 24)
¢ =@,sinot,s=at’, s - JNIMHA AYTH O, A4
v,W, =7 Ipu ==
w
W, = Q= Q,0Ccos vt
D, =05 +0; =0, +| &,x0, 4|+,

Vo, = ¢-00, =2Rp,wcos ot

‘[5)6 X @] =@2R sin%

_at’
R
v, :%:Zat

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa



T
W,

Pucynok 24

bepeMm mpoekiuu Ha ABa B3aMMHO MEPIIEHANKYIISIPHBIX HAPABIICHUS, BO3BOIUM B
KBaJpar, CKiaJbiBacM, OepeM KOpeHb, MoaydaeM v, (caenaTh CaMOCTOSITEIBHO).
7, =417, 47,

&, =@ =—p,0" sin ot

W) =¢*-00, = gjw’ cos’ ot-2R

1 /4
W =0, = 2Ry sin ot "
W =04

W =704

VVVT

=2a
W _v
R

W, =2¢-v, . bepem npoekuumu. ..

@
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CEMUMHAP Ne4.

)

CJIOXKEHME IBUXEHUI TBEPJIOI'O TEJIA (npomomkenue)

Ecnu TBEpaO€E TENIO ABUKETCSI OTHOCUTEIIBHO HEKOTOPOM MOABUKHOM CPENBI U BMECTE C
HEW BUXKETCS OTHOCUTEIBHO APYIOW, IPUHIATON 33 HEMIOABWKHYIO, TO HHOT A
OKa3bIBaeTCs yAOOHBIM IIPU ONPEECIIEHUN CKOPOCTEN U YCKOPEHUH TOYEK Tela
10JIb30BaThCs (HOPMYyJIaMu:

B, =d,+d,

- - - - - - .o .= .7 - - - - da) - = -
E,=E,+E& +[0,xd,|=E +a.i+0,]+dk+ a)ex(a)gz +0o, ] +a)¢k) =—a, +[Qxa)]
dt
rae Q=a,
MeToa Buasica mo3BosisieT OnpeeinTh YIJIOBbIE CKOPOCTH B IUIOCKUX MEXaHU3MaX,

Hal'[OI[06I/I€, KpHUBOLIUIIA.

Pucynok 25

Panbuie Mbl CKalli MTHOBEHHBIN LIEHTP CKOPOCTEM I KaXI0ro KoJjeca.
Bgenewm cucreMy oTcyeTa, HEM3MEHHO CBSI3aHHYIO C KPUBOLIHUIIOM. B 3T0M cucreme
OTCueTa KPUBOIIUI HETOJIBU)KEH, a A0COTIOTHBIE YTIIOBBIE CKOPOCTH BCEX KOJIEC

HN3MCHATCS HAa BEJIMUUHY Q.

Kpusommn 1 2 e n
a)a Q 0)1 a)2 oo a)n
o, 0 w, — w, - , — 2

I[J'I?I TOr'0 YTOOBI CKOPOCTH TOUYCK KaCaHH KOJICC ObLIN OAHMHAKOBBI B CUCTEMC, CBSI3aHHOM
C KPUBOIIUIIOM, IMHUIICM ICIIOYKY PABCHCTB!

(0, -Q)r, =—(0, - Q)r, =...=%(w, - Q)r,
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3HaK + MM — 3aBUCHT OT XapaKTepa 3allellJIeHUs] COCEJIHUX KoJleC (BHYTpEHHee (—) MIiIu

BHEIIIHEE (+) 3alleIlIeHHE).

3angaua.
)
2w
2R
’ 3R
PucyHok 26

Haiitn o,, o,

[To merony Buiunca:

—3w-3R=—(w,—®)-2R=—(w,—®)- R
o .
OTC}OI[a, w, = T — YyrJjioBasg CKOPOCTb BTOPOI'0O KOJIECA COBIAAACT C YIJIOBOHU CKOPOCTBIO

KPUBOIIHUIIA MO0 HAIIPABJICHUIO (BUIHO TaKXKE MO PUCYHKY).
o, =10w.
Hairtu o], ,w;
Pemmm 3a1auy Ha miockonapauieIbHOE JBUKEHHUE ABYMS CIIOCOOaMU.
1. Ilepesuviii cnoco6. Iloosusichas cucmema omcuema ¢ HA4aAIOM 8 mouke A,
O0BUACYWASACS NOCMYNAMENbHO (0CU OCMAIOMCS NAPANNETbHLIMU CAMUM cebe)
=>w,=0¢=0=>

o a __
o, =0 =100,

& =& =10¢

b,=0,+| &AM |=0,,

T.C. IICPCHOCHAA CKOPOCTh OAHA U Ta KC JJII BCEX TOUCK JHCKa 3.
v,=w®-6R

v, =w; - AM =10wR
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vy, = (U;[ )2 +(UA”4 )2 = wR136

W, :WA+[§exm}—a)jA—A/7=WA

0

Pucynok 27

= av, =¢6R
dt w,

W!=w"6R

W,

WP =g AM =10&R
W =(af) AM =1000°R

W, =0

B utore,

2 2
W =W+ ) ()
2. Bmopoii cnocob. Iloosudicnas cucmema omcuema ¢ HA4aiom 6 mouke O
8pawaemcsi ¢ yen08ou CKOpoCmuio KpUSOUUNA.
=S>0,=0,=£=>TK 0 =0; +o,, TO
o) =%, &, =9¢
v, =aw; AM =9@R
D, =0, +| @ xOM |=| & xOM |
OM =~/37R

v, = w37R

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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v =\/(U,, +u,sina)’ +(v, cosa)’ = wR/136

a

0

Pucynok 28

0

Pucynok 29

We=VI70+[§exW]—ij=[§ex@-]—ij
WP = w\37R W

Weoc za)Z\/ER e

WP =g AM =9¢R

W =(af) AM =810°R

W, =2w{v, =18»°R

bepeM mpoekiuu. .. MoxyyaeM yCKOpEHHUE.

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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B xunematuke mo0oe IBMKEHIE MOKHO CBECTH K CIIOKECHUIO ABMKeHMH. [ToaTomy

HYKHO YMCTb BBI6I/IpaTB Pa3HbIC CUCTCMbI OTCUCTA.

Kpome Toro, nBu>keHue TBEpAOTO TeIa ¢ OJHOW HEMOABUKHOM TOUKOM BCEria MOKHO

paccmaTpuBaTh Kak CyMMY BpalleHUW. Bpalenue noaBuXHou 0CH BOKPYT HEMOABUKHOU

— IIEPCHOCHOC NBUKCHUC. BpaH_ICHI/IC TT BOKpPYT HOI[BPI)KHOﬁ OCH — OTHOCHUTCJIIBHOC

neuwxenue. Bpamenue TT Bokpyr MOB — aOcoiroTHoOE.

3amaua C.4.10.

MOB

Pucynoxk 30
[=3r=a=30°

E =60 =0

e e

0, =0,+0,

e

@, - Bceraa HanpasieHa mo MOB

E,=E,+& +[®,xd,]

a e r

!
|

& =& +& Bcerna HanpasieHa no MOB

&, =|@, x @, | nampaBneHa Ha Hac (Ha PUCYHKE)

Hcxond u3 Toro, 4T0 @, = @, + @, 70JIHA ObITh HanpasieHa no MOB u u3 reomerpun,

Haxoaum

@ tga 1 =
o, NE)
o =30, =3w,

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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AHaHOFI’II‘IHO, nuexoada u3 Toro, 4To 51 = ge + Er JOJI’KHA 6I)ITB HallpaBJICHA I10 MOB,
HaxOoJIuM:

(<)lél= =3¢,

(®)|gz| = H:C?)e X C?)r] =w-2w- Sinl200 = \/ga)z

g, :\/512 +&l =3 + o'

b, =0,+| &,x04|=| &,x04]

E +E,

= Qv, =\/§w'2r-§=3wr
W, :WO{@X@]—@@:[@X@}@;@
V3

QW = ‘[51 x@]‘ = Be-2r- 2 =3er

BP2 _
W, =

[52 X 074] =30 - 2r = 2\30*r

W =wh, =30 \3r =330

wi" L mnockoctu OAB

WA2 = (WABP1 )2 + (WABP2 — WAOC cos 60° )2 + (WAOC sin 60° )2 = \/57‘\/382 +70"

)
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CEMMUMHAP Ne5

)

SJIEMEHTBI TEOPUU CKOJIB3AIINX BEKTOPOB
Benuunna u HanpaBieHUe — c60000HbIL BEKTOP.

BenuunHa v TMHUA TEUCTBUS — CKOIb3AUUL BEKTOP.

Benuuuna u TOUKa NPUIOKEHUS — NPUTLOHCEHHBLU (CBA3AHHDBILL) BEKTOP.

Hanpumep, BEKTOp yrioBOil CKOPOCTH OTHOCHUTCS K CKOJIB3SIIHAM.

OcHosnvie xapakmepucmuku cucniemsl 6eKniopoe — TJIaBHBIN BCKTOP U rJIaBHBIM MOMEHT.

F

=

Pucynoxk 31

R=>)F, - rIaBHBII BEKTOP.

i=1

MomeHT BCKTOpPA OTHOCUTCIIbHO ITOJIFOCA:

o (F)-[07+]

Pucynok 32
M, =>"m, (17“1) = Z[O—Alxﬁ} - [JIABHbII MOMEHT.

I'1aBHBIM MOMEHT SIBJISIETCS CBSI3aHHBIM BCKTOpPOM

My =M, +| OOxR]

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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EcTh KOMIOHEHTBI, KOTOPBIE HE MEHSIIOTCS TIPU nepexone K O'.

552 7] wa 0O
JloMHO)UM M, :M0+[00><R] Ha ——

4 ——.
00
i, .00\ (,-00
( )| )
0o o9

T.e. npoexkyuu riiaBHbIX MOMCHTOB OTHOCHUTCIIBHO JIBYX ITOJIFOCOB HA JIMHHIO,

COCAMHAOIIYO ITOJII0CA, paBHBI.

|%1

JloMHOXUM M, = M, +[O—'Oxﬁ] Ha

Tl

(¥, R) (1, F)
& 7

T.e. npoexyus enagnoco Mmomenma Ha HANpPasieHue 2l1A8HO20 8eKMOPA He 3a8UCUM OM
8blOOpa noarocd.
Htoro, nmeeTcs 1Ba HHBAPHUAHTA CUCTEMbI BEKTOPOB OTHOCUTEJIbHO BHIOOPA MOJIIOC
1. I'maBHBII BEKTOP
2. Ilpoekuus TIaBHOrO MOMEHTA Ha IJIaBHBIN BEKTOP.
PaccMmoTtpum 3amady npuBeIeHUsI CUCTEMBI CKOIB3SIIUX BEKTOPOB K MPOCTOMY BUAY .
Pemaem mannyro 3aady ¢ ciaeAyrONIeH 1eabl0: KAaKUMU Obl CIIOKHBIMUA HU OBLITH
JIBUYKEHUS 110 CYTH UX MOYKHO IIPEICTABUTh OJJHUM IPOCTHIM BUJAOM JBUKECHUS.
BBoauTcs moHSITHE 3KBUBAJICHTHOCTH CUCTEM CKOJIB3SIIIMX BEKTOPOB. MBI JIOJIKHBI
MOJIYYUTh CUCTEMY, SKBUBAJICHTHYIO UCXOJIHOM.
JIBe cuCTEMBI CKOJB3AIINX BEKTOPOB HA3BIBAIOTCS IKBUBAJIECHTHBIMM, €CIIA OJTHA U3
JPYTo# MOJIy4aeTcs ¢ MOMOIIBIO JIEMEHTAPHBIX OIepalluii: 100aBJICHHUE dJIEMEHTaPHOTO

BEKTOPHOT'O HYJIS, U CIIOKEHHUE U Pa3sIoKEHUE BEKTOPOB 110 MPaBUILy MapajlieraorpaMmma.

Pucynoxk 33

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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Kpurepuii 3kBUBaJIEHTHOCTH — JIB€ CUCTEMBI CKOJIB3SIIIIUX BEKTOPOB SKBUBAJICHTHBI B
TOM U TOJIBKO B TOM CJIy4ae, €CJIM PaBHbI UX IJIaBHBIE BEKTOPHI U IVIABHBIE MOMEHTHI
OTHOCUTEJIBHO NMPOU3BOJIBHO BRIOPAHHOTO MOJIIOCA.

Jlemma. IIponsBoinibHas cucTeMa BEKTOPOB MOXKET OBITh IPUBEACHA K ABYM BEKTOPaM,

OJIMH U3 KOTOPLIX IIPUIIOKCH K HpOHBBOHLHOﬁ TOYKC.

o/

— f

B

Pucynok 34

[IpuBeeHNE CUCTEMBI CKOJIB3SIINX BEKTOPOB K BRIOPAaHHOMY TIOJIFOCY:

Pucynoxk 35

[IpocTo mepeHecTr CKOIB3AINI BEKTOp 0e3 mo0aBieHus mapbl (MOMEHTA) MBI HE MOKEM.
PaccMmoTpum Bce BO3ZMOXKHBIE ClTydan MMPUBEJECHHBIX CUCTEM CKOJIB3SIIUX BEKTOPOB:

1. R#0,M, # 0,(M0 -R) #0 (BUHT)

[Ipoekiys M, HEM3MEHHA, T.K. ABISAETCA BTOPLIM HHBAPHAHTOM, T.€. IPOEKIUEN TIAaBHOTO
MOMEHTA Ha TJIaBHBII BEKTOP.

M, =M,+ [N—O X Iﬂ

ON L mnockoctd R, M,

Hatinercs Takas Touka N, 4TO

| N'OxR|=-i, =

M_.=M,-M,=M,

N
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P(x,.2) M, R
Pucynok 36
[Ipenmonoxum, ecTh elle Takas Touka P :
M, =M, +[Wxﬁ} - M,
Torga P 1oJbKHA JI€XkKaTh HA Apaliend M, W NpoXoauTh uepe3 N . Ha nunuw,
NpOXOoAsIel yepe3 P U N, TI1aBHBIA MOMEHT OyJIeT MIMETh MUHUMAaNbHOE 3HadeHue. [Ipu
(4, -R)

9TOM TJIaBHBIA MOMEHT paBCH M6 =M, = , 1 HA3bIBACTCA MOMECHTOM BHHTA.

Jpyrumu ciioBamMu, IPUBOAS CUCTEMY BEKTOPOB K BUAY, IIPU KOTOPOM TI'JIaBHBIA BEKTOP U

IJIaBHBIM MOMEHT mapauiCjibHbl, Mbl HIPUBOAUM CUCTEMY BEKTOPOB K BHHTY.

=i

6UHM

/ e napa (coomg. _ 2NlaBHOMY MOMeHI’}’ly)

Pucynoxk 37
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Takxe roBopsT, IPUBOJUM CHCTEMY CKOJIB3AIINX BEKTOPOB K ITPOCTENIIEMY BULLY.

M,

R

PucyHnok 38

HaﬁHeM YPaBHCHHUC OCU MUHUMAJIbHBIX MOMCHTOB U3 YCJIOBHA I1apaJICIIBHOCTHU I''TABHOI'O

MOMCHTA U I'NIaBHOI'O BEKTOPA.

M, =1\7[0+[P—0><§]=771§

MO+[P—O><R]:M0—[O—P><I§]: MO—[FXR]ZUR

- BCKTOpHAaA 3aI11MChb YPABHCHUS OCH MUHHUMAJILHBIX MOMCHTOB.

i j k
(o= x v 2|=T{oR ok ) (o8- )E (s, o)
R R, R
Torna,
M,-yR. +zR, M, -zZR +xR M, —xR, - yR, 3
R =1, R =1, R N

X y z

M,-yR +zR, M —-zR +xR. M.—xR —yR,
R - R - R

X v 4

KOOpILI/IHaTHaH 3allUCh YpaBHCHHA OCU MUHUMAJIbHBIX MOMCHTOB.

2. R#0,M, # 0,(M o -R) =0 (paBHOJCUCTBYIOIIAN)

CucreMy XapakTepu3yeT TOJIBKO OJMH HHBAPHAHT, R - PaBHOJEHUCTBYIOMIAs, K KOTOPOM

CHUCTEMA CBOOJUTCA.

K I1aHHOMY CIIy4ar0 OTHOCHUTCS TaK)Ke BApHaHT R #0,M, =0

tr

3. R=0,M,#0 (paBHOIEHCTBYIOLIAs Mapa)

Yucroe IIOBOPAYMNBAIOIICC YCUIINC!
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4. R=0,M, =0 (paBHOBECHE)
BekTopHblil HyIIb:

-—p

[Tpumep.

@

Pucynok 39

iy (@) =| 0dxd | = @x 40 |= b,

T.e. MOMEHT yTJIOBOU CKOPOCTH SIBIIIETCS CKOPOCTBHIO.

B kuHeMaTuke R COOTBETCTBYET @, a M, COOTBETCTBYET 0 .

Ciyuan Teopus cKoab3AUX Kunemarnka
BEKTOPOB
Bunt KunemaTtnueckuii BUHT
M,
R
PaBHopericTByrOIIAS Bpamenue

— >
=

PaBHOozelcTBYIOIIIAs mTapa

HOCTYH&TCJIBHO@ JABUXKCHHUC

PasHoBecue

IToxon
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[Tpumep.

=71 f
o] >
=

Pucynok 40

Teno coBepiaeT BHHTOBOM JBIKEHHE, & IPYTO€ TEJIO BPAIIA€TCsl OTHOCUTEIHLHO OCH Z .
Haiitu npocreiimmii BUa OTHOCUTEIBHOTO IBHKEHUS MIEPBOTO Tea OTHOCUTEIHHO
BTOPOTO.

R =w0,R =0,R=0Q,

M,=v, M, =0, M =-ma

(Mo'ﬁ) _ wv—Qwa
' R \/a)z+Q2

Ecmn @=Qa - ynucroe BpalieHue.

Ecau o+ Qa - BUHTOBOE JABHKCHHUC.

ypaBHeHI/IC OCH MHUHUMAJIBHBIX MOMCHTOB:

v=yQ —zo+xQ -wa+yw
@ 0 Q

Q
Otcrona, z=—x
w

VQ—yQ’ = —w’a+ yw’,
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CEMUMHAP Neb6.

i)

JINHAMUKA
J1o cux mop Mbl paccMaTpUBAIM T€OMETPHUIO ABHKEHUS, HE BHUKAS B IPUYUHBL. Ternepb
JBIDKCHHUE OYJIET paCCMOTPEHO B MIPUUMHHO-CIICACTBEHHOM CBs3H. CyIIeCTBYET JABE
3a7Ja9i JUHAMHUKH:

1) Ilo nBM>KEHUIO ONPECTUTh CUJIBI;

2) Ilo cwiam onpenenuTh IBUXEHUE.
B ocHOBHOM jAenaercs aklieHT Ha BTOPOM 3aaade.
B kauectBe mOCTYy1aTOB TUHAMUKH BBICTYIIAIOT:
Tpu 3akoHa HproTOHa,
[IpuHIMIT HE3aBUCUMOCTH JACHUCTBHS CHII,
[TpuHIIT OCBOOOKIAEMOCTH OT CBSI3CH.
C nepBbIMU ABYMS Bbl YK€ 3HAKOMBI, O MOCIETHEM — TOAPOOHEH.
JIBmxymuecss 00bEKThI UCTIBITHIBAIOT OTPaHUYCHHMS. Telra U MOBEPXHOCTH,
OTPAHUYHUBAIOIINE ITO ABUKECHUE, HA3bIBAIOTCS CBA3SIMU, & CUJIbl — PEaKIUAAMHU CBSI3eH.
IpuHIUN 0cBO00XKAAEMOCTH OT CBSA3EH IVIACHUT:
Bceaxoe necs0600n0e meno ModxCcHo paccmampusams Kak c80000HOoe, e OMmOPOCUMb UX
CBA3U U 3AMEHUMb UX PEAKYUSMU.

[Ipumepsl.

Ha FJ'IaILKOI‘/JI )41 HIGpOXOBaTOﬁ IMOBCPXHOCTHU HAXOJAHUTCA TCJIIO.
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Pucynok 41

MOHO BBIACIHTH CJICAYIOIINE PEAKIIHH:

Peakuuro mo HopMasii K MOBEPXHOCTH U PEAKIIUIO IMEPOXOBATOM MOBEPXHOCTH MIPH
HaJIMYUN aKTUBHBIX CHUJI B KaCAaTCJIbHOM HAIIPABJICHUH.

BKCHCPHMQHTMBHBIﬁ 3aKOH Ky.HOHa OTHOCHUTCIILHO HpeI[eJIBHOI)'I CUJIbI TPCHUA TJIACUT!
Fpeo = IN.

Jlo Hayana MBWKEHUSI IpU F, < fN OKPYTJIOE€ TEIO JUO0 HAXOIUTCS B MOKOE, JINOO

p

KaTHTCS 0e3 IMPOCKaJIb3bIBAHH. C‘-II/ITaeTCH, qTO IIPU CKOJIBKCHUHA E wp = F

npeo

COXpaHsEeTCH,

XOTsl B HAUaJIbHbI MOMEHT OHa OoJibLIe fN .

f - K03(p(ULUUEHT TPEeHUS! HE 3aBUCUT OT BEIMYHUHbBI TOBEPXHOCTH CONPUKOCHOBEHUS TEI
U OTIpEeJIeNISIeTCsl MaTepUalioM U KadecTBOM 00padboTku. EcTh Tabnuibl ko3 puiireHTon
TpeHud [ . B 3amavax f 3a1aH Wiy NOJJIEKUT ONPEICICHUIO.

Eme onuu npumep cBsa3u — mapHup. LlapHup COCTOMT U3 BTYJIKM Y NAJIbLIA IIAPHUPA.

Pucynok 42

[Tapuup B BUjE HUIUMHIAPA UMEET JBE HEM3BECTHBIX KOMIIOHEHTHI CHJIbl PEAKIIUH, B BUJIC
mapa — TpHu.

biok — eme oaun tun cBsa3u. JKeao0 010Ka Ae1aloT IIaIKUM.
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Pucynok 43

[TockonbKy TpeHus B OJI0Ke HET CHIIBI, ICUCTBYIOIIME HAa TPOC MO pa3HbIE CTOPOHKI OJI0Ka,

PaBHBI [0 BETMYMHE, XOTS UMEIOT pa3HbIC HATPABICHHUS.
Eme onun npumep — 6anka B CTEHE.

Peaxniust B aToMm cityuae He onpezeneHa. [llect HEM3BECTHBIX: 2x3=6 .

\\\\ﬂ\\\\

Pucynok 44

I/I3B€CTHO, 4dTO pCaKOHIo CBA3M MOJKHO CBCCTHU K IBYM CHJIaM, OJJHA U3 KOTOPLIX CBsA3dHA C

TOYKOM.

PeaKHI/Iﬂ — IIaCCuBHasi CHJia, OHa ABJIACTCA CICACTBUCM BOBI[GI\/JICTBI/IH AKTHUBHBIX CHJI.

OCHOBHBIE IMHAMUNYECKUE XAPAKTEPUCTUKU

HUMnyabe P, MOMEHT UMITYJIbCA K, U KHHETHYECKAasi JHeprus 7 .
HMIyJIbC 110 OIpeJieNieHuIo: P =) mp, .

LenTtp macc (MHEpLUHU) OTPEIEISIETCS PaInyC-BEKTOPOM:

Trac 7_"; - paAnyCbI-BCKTOPLBI, IIPOBCACHHBLIC N3 OAHOI'O X TOI'O 7K€ I10JIFOCA.

Torna, ecnu 7. npoauddepeHIupoBaTh, TO:

P=mo,

KuHeTn4yecKM MOMEHT I10 OIPEACICHUIO:

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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=2 [ xmo]

C,Z[CJI&GM moaACUYCT ]%0 C paCCMOTPCHUCM CJIOKHOI'O ABUIKCHU, ITPHU 3TOM BBOIOUTCA

MMOABMIKHAA CUCTEMA OTCUCTA.

[TycTh cuctema orcuera OyJeT MOCTynaTeNbHOM, T.€. @, =0 .

Ko =Y [Fxms]= Y| (7 +F)xm, (0. +57) | =
=[7 xmb, |+| 7. x (Zmu ) (Zm,f[’)xﬁc +Z[;7i'><m,.5i"]=
=

mog 0 mig=0
= [FC X 13] + Z[Fi'x ml.Dl.r]
T.e. i cucTeMbl TOUEK K, = [FC X 13] + Z[?/x miDl."J U BEIOOPE MOCTYIATEIbHON CUCTEMBI

oTcycTa.
B anamornunom CclIy4dac i1 TBEpAOro Teia:
6 =0 +0] =0, +[@, x7]

Ecnu nozacraBum o/ =[a@, x7], T0:

K,|= [FC xﬁ]+2[ﬁ.’x m[ &, x;‘;’.’]] = [FC ><13J+jcc?)

rae J,. - MaTpuiia TEH30pa HHEPIIUH.

B cnyuae, korna @, 1 7' : (I10cKo-napauieabHOe TBUKEHHUE, HATPUMED)

Yom[7x[@,x7]] =6, m, (7) - Xmi(@, )= Je6,
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Trac Jg - MOMCHT MHCPIHUHU OTHOCHUTCIIBHO OCH, HpOXOI[HHICfI qcpe3 NCHTP HHCPIHUHA Cnu

napajijieIbHOW BEKTOPY @, , T.€. B ’TOM cllydae

—

K, =[F.xP]+J¢a,

[Tpumep.

A

@

PucyHnok 46
p =mad

K. =mad® +Jé"a)=(Jé”+md2)a)=Jza)
J.=J¢+md* - MOMEHT UHEPIIUN OTHOCUTEILHO OCH z .

[Tocnennee paBeHCTBO HU YTO MHOE KaK MCIIOIb30BaHKe TeopeMel I toiirenca-1lrelinepa.

A &
z A

S

Pucynok 47

Teopemy I'oiirenca-1lITeiiHepa MOXHO IIPUMEHATH TOJIBKO KOT/IA €CTh YACTOE

BpallleHKE, a B MTOCJIEIHEM ClTydae — Hellb3sl, M HaJI0 IPUMEHTh 001Lyt0 hopMyIIy:

—

K, =[F.xP]+J¢8,

Kunernueckas IHEPIHUs 110 ONMpCACICHHUIO!

1
T:E miUiZ
U, =0,+0, Ip1 @, =0=
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Teopema Kénura. Kunetnueckast 3Heprust cucTeMbl TOYEK (TBEPAOTrO TeJa) paBHA
KMHETHYECKOW SHEPTUH JBUKEHHUS LIEHTPA MACC CUCTEMBI C MBICIIEHHO COCPEIOTOYECHHON
B HEM Maccoi BcexX TOYEK (TBEPAOro Teja), MI0C KHHETUYECKask SHEPTUs OTHOCUTEIbHOTO

ABHIKCHUA OTHOCHUTCIIBHO CUCTCMbI OTCUCTA C HAYaJIOM B ICHTPC MACC U ,Z[BI/I)KYHIef/JICH

1
MNOCTYIIATCJIbHO. |T = Emvé +1,

OmH

Takyto cucreMy ele Ha3bIBalOT KEHUTOBOM. (Hayano B Touke C, @, =0)

Ecmn @, L7, TO

1 r .,
T =§mué +§Jca)a2

B o6miem ciyuae T = %mué +% o' J .,

3anaya. (cM. puc. 48)
P =0, P,=3m,wR, P,=TmwR, P, =%me
- AMITYJIbCBI TUCKOB U CTEPIKHSL.

Meron Buiunca:

~4w2R =—(w, - ®)R =(w, - ®)3R

ms

Pucynoxk 48
5
w =-30, 0,=%, o, =—§a)

—

K, =|7.xP|+J¢a,
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K, = O+%m, (2RY (<30)

1
K,, =3R-3m,wR +5m2R 0

1 2f 5
K,, =7R-Tm,oR +oms (3R) -39

1
K., :§m(7R)2a)
Ko :K10+K20+K30+Kcm0
1 1 .,
T:Emué+§JCa)j

11
T{ = §§m1 (2R)2 (—30))2

1 11
]; = EmZ (3&)R)2 +55m2R2 (90))2

1 11 5 Y
T3 =§m3 (7(()R)2 +55m3 (3R)2 (—ga)j

T, =11m(7R)2 w
23

r=n+nL+0+T,

)

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa

45



CEMUMHAP Ne7

)

N3MEHEHUE OCHOBHBIX JJUHAMWYECKUX XAPAKTEPUCTUK P,K,,T

Teopema 00 N3MeHEHUN UMITYJIbCA:

dP Rsuem
dt

Hauboinee mmpoko UCIonb3yeTcs 3auch B MPOSKIUAX.

HaHpHMep, Ha OCHU CCTCCTBCHHOI'O TPCXI'PAHHUKA.

dv

C — R:Hem
dt
UC Renem
pc

Teopema 00 U3MEHEHHH MOMEHTA UMITYJabca K, :

€CJIM MOJIFOC O MOABHXKEH.
Touky O nmydie BRIOMpATh Tak, YTOOBI ypaBHEHUE UMENO MpocToil Bua. Hanpumep,
BbIOMpaTh TOUKY O Ha HENOJBUKHOW OCH MJIH B LIeHTpe Macc C.

Teopema 00 U3MEHEHUN KUHETUYECKOM IHEPrum 7 :

|dT — 5Aﬁcex_cu7

DneMeHTapHast paboTa: 54 =Y F,dr,

Ecau cuna 3aBucut ot ITOJIOKCHM A, BBOAUTCIA ITOHATHUC ITOJIA.
Ecau none onuceiBaeTcs OHHOﬁ q)YHKHHGﬁ, TO 3TO ITOJIC 6y,Z[€T MMOTCHIOUAJIBHBIM, IIPpU

ycinoBuu, uto 11 F(F,,F,.F,):

g,

ox 7 oy oz
OF. OF, OF. _OF, OF, _OF,
dy ox oz o 8y 0z

A (x,y,z):

- ti¢ ¢ epeHINAIBHBIN KPUTEPU MOTEHIUAJIbHOCTH MOJIA.

I[JIH IMOTCHIOUAJILHOT'O ITOJIA:
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O0A=—dll =T +I1=const

3amaua C.6.28.

Pucynok 49
1
f=
8
W.,e=?

1
UQ:EP
2)0=P
Pucyem cunbl. Cuity TpeHHsI MOKHO HaIPaBUTh BIIPABO, U 3HAK B OTBETE CKAXKET,
IMpaBHJIBHO JIK MbI CACIIAJIN.
()ymW.=0+F
Ecnu xadenue 6e3 IMPOCKAJIb3bIBaAHHW:, TO 3d TOYKY OTCUCTA MOKHO B34ATb TOUKY KaCaHU .
Ecmu ¢ IIPOCKAJIb3bIBAHHUCM, TO 3a TOYKY OTCUCTA JIYUILC B3ATb HCHTP MaCC.

Ham HeunsBecTHO OyAeT Jin KOJeco MPOCKaab3bIBaTh, IO3TOMY OE€peM 3a TOUKY OTCUETa

ueHtp macc C. Torpa:

dkc __ ageHew
dt ¢
_ _ dK .
Tk K.=J0®, dtc =JE,

1
(2)—mr23 =Qr—Fr
2
Ecnu HeT npockanb3biBaHus, TO F < fN U W, = ¢r, TAKXKE YUUTBIBACTCS, YTO N =P.

Ecnu ecth nnpockanbe3biBaHue, TO F = fN U W, #¢r.
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Hano naiitu nuana3on Q, nmpu KOTOPOM JIBMIKEHHE 0€3 MTPOCKATbh3bIBAHUS.

(1)—=(2)2:{W, =er}:
0:—Q+3F:>F:%Q

stN:%QS%P

N:P:QSEP

mW,, :—P+éP=gmg:>WC =—g

1 9 9
mW.=P+—P=—mg=>W.=—
c 3 ] g c 8g

1
—mr5=P—lP:>g=Z§
2 8 4r

Koneco O6ykcyer.

JIn6o xoneco Oykcyer (er >W,.), 1ub0 UueT 1030M (&r <W, ), 1160 uuer 6e3
MPOCKab3bIBaHUS (er =W,).

3amaya.

R

Pucynoxk 50
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I'magxwmii sxeno0 B MUIUHAPE

M,R,m,%MRz

a)(h)z?

< A
Il
S
=

Y N

Pucynoxk 51
I/ICHOJIBSyGM TCOPEMY O COXPAaHCHHH MOMCHTA OTHOCHTCIIBHO OCH BPAIlICHUA:

MR?
2

a)—m(ur cosa—a)R)R =0

3aKOH COXPAHEHHMSI SHEPIUU:

2 v e
mu,
mgh = 5 + 5

[ToreHnaapHas SHEPTUS OMPEICIISICTCS C TOYHOCTHIO IO KOHCTAHTHI.
2 .
v: =(v, cosa—wR) +vsin’ &

MRw
L, cosa— R =——
2m

(MRa) ) 1
v, =| ——+oR
2m cosao

2p2 2
Uj:[M R +(?+R] tgza]wz

2
4dm m

2mgh = mew’ (A + %Msz

2p2 2
A=M R + @+R 1g’a
4m* 2m
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Pucynok 52
AB=a

(0(0) =®,

Dw,,.c, =?

2)p, =?, KOTJa CTEPKEHb OTOMIET OT CTEHBI

3aKoH COXPAaHCHHUA DHCPIUu:
asingo asin(p+1 ‘0’
mg— =mg— —ma
2 7 2 6

ma2 ma2

12 4
P - MTHOBEHHBIN LIEHTP BpalllCHUH

e :gsin¢0—sin¢)3
a

Boi6upas Touky P, n30aBiisgeMcsi OT MOMEHTOB CHJI PEAKIIMM Y CTEHOK.

3aKoH COXpPaHCHHUA MOMCHTOB UMITYJIbCOB:

J . ma’ s oem
PP 3 ® > p-mg

__3gcos¢)
2a

YcnoBue orpeiBa: N, =0.

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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mi,=N,=0

acosgo
X, =——

C

2

X =£sin(0~gb
2

i.=%cos (')2+£sin
<=5 P\p 5 Q@
cos¢)((p)2+sin¢)~¢=0

sing, —sin@)3
cosgog( o ?) +sin¢(—3g;ﬂj:0
a a

. 3.

sing, ——sing =0
2

. 2 .

smq)=§sm¢0

. . 2.
OTpBIB OyJIET MPU TAKOM @ :sin @ = 38

@

CEMUHAP Ne8

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa
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[MPUMEHEHUWE OCHOBHBIX TEOPEM IMHAMUWKN B HEMHEPLIMAJIBHBIX
CUCTEMAX OTCYETA 1 B HEHTPAJIbBHOM IIOJIE

®opmyna Kopronuca:

W, =W + W, +W,

C ee MOMOIIBIO MOKHO MOJIYYUTh 3aKOH U3MEHEHUS UMITyJibca B HenHepuuaibHoi CO:

rac BBOJATCA MEPEHOCHAA U KOPHUOJIMCOBA CHJIBI HHEPITUA:

= —ZmiWie = —Zml. (WO +[2, xﬁ']—k[&)e x[@, x;f’]]) =

:—m(WO +[§ex;7c']+[57)ex[50exfc']])= ~mW°

3

JIns MOMEHTA UMITyJIbCA:

dl_{o 1 6He e Tk — —
dtr =M+ My +Mj—m[0,x0, |

JI719 KWNHETUYECKOW SHEPTUH:

d]’; =§AEC€X7CM/7 +§A€‘

T.x. W, =2[@,x0,] L 0, = KOPUOINCOBA CHJIa B HEHMHEPLHAIBHOI CUCTEMe 0TCYeTa PadOThI

HE COBEPIIAET.

Yci10BHS OTHOCUTEJIBHOIO PABHOBECUSA — YCIOBUS PABHOBECHUS B HEMHEPLIMAIIBHOM
CHUCTEME OTCUETA, IPU ITOM ITPUPABHUBAIOT K HYJIO JIEBBIC YaCTH YPABHECHUH,
3alMCAHHBIX BBIIIIE.

3agayJa.

l,mg,w

p="

v.=0=>W, =0

F¢ :ma)zésinq)
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X,.Y,,Z, - CHIbl peakuuu, X, L MIOCKOCTH, COJIepKAIIEH BEPTUKAJIb U CTEPIKEHD.

Zo

@ = const

Pucynok 53
X, =0

Y,+F‘=0=>7, :—F":—ma)zésingo

Z,—-mg=0=>7Z,=mg

2
N = \/ m’g’ +(ma)2 ésin gpj - TIOJIHAsL pEeaKLUs

Tenepp MOMEHTBI CHIL:
[ .
—mg5s1n(p+Mg =0 (*)

Tak kak He 3HaeM, T/ie TPUJI0KEHA PABHOACHCTBYIOIIAS ,BBIJICIIUM 3JIEMEHT Ha CTEPIKHE:
M =[am
dF* =dm-w’Esing , ThE & - pacCTOSHKE OT O JI0 dJIEMEHTa dm
dM [ =dF°&cose
dm = pd&
! 12
M = de;; = Ipa)z sinpcos pE’dE = mw’ Sin¢COS¢?
0

[ToacraBum B (*):
[ . 2 . I’
—mg551n(p+ mao s1ngocos¢)? =0

. p=0
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2. p=rx

38 J, BO3MOXXHO TIPU @° > 38

3. @ =arccos
4 (ﬂwz 21

Haiinem TOUKy NnpuiioKeHus: paBHOAEHCTBYIOLIEN ITIEPEHOCHBIX CUJI HHEPLIUU:

Mg =F°h
e 2 2
h:MO =2ma) 51r21(p‘cos¢l =glcos¢
F° 3mwlsin @ 3

MoHO OBLIIO HAWTH MO-APYTOMY:

dF* =dm-o’Esing ~ &

Pucynok 54

B TpeyronpHuKax HEHTP TAKECTU HA PACCTOSHUM JBYX TPETEU OT BEPUIMHBI HA MEUAHE.

3amayva.

w = const

Pucynok 55

['magkast TpyOka Bpalaercs ¢ MOCTOSIHHOM YIJIOBOM CKOPOCTBIO @ = const

[[Tapuk maccel m
Py> 0y

v, (p)="?

N
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Bun ceepxy:

Pucynok 56
PeanbHO meCTBYIOMIMX CHJI, COBEPIIAIONTUX padOTYy, HET.

F° :ma)22rsin§

F*' =2mov,

2 2 [ @
mo, My _ I 2ma’r singcosgm’(o :J' mao’ sin pride =
2 2 b

Po

= mw’r* (cos g, —cos @)

4

= —m@’r’ cos @

P

Orcrona:

v? =2w°r* (cos g, —cos )+ U7,

Bo3bMeM ypaBHEHHE UMITYJILCOB HA HOPMAJIh TPACKTOPHH:
mo;

Pc

C IUII0COM MPOEIHMPYIOTCS T€ BEKTOPBI, KOTOPBIE HANIPABJICHBI B CTOPOHY BOTHYTOCTH:

=R

n

2
mo )
= =2mouv, — 2mw’rsin® %— N

r

Otcrona HaxomuM N (¢)

ITo npyromy:
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mdU’ =R = F¢cos L
dt 2
Uf’ w
v, =r@:>dt=rd—¢:>m.|‘ v.dv, = IFecosgrdgo
dt v, o n 2

JABWXXEHUE B HEHTPAJIBHOM IIOJIE

LenTpanpHOE MOJIE

F(r) = iF(r)

~ |

— - CHJIa HIPUTAKCHUA
+ - CHJIa OTTAaJIKNBaHH

B HCHTPAJIBbHOM II0JIC BBITIOJIHACTCA 3dKOH COXPAaHCHNUA MOMCHTA UMITYJIbCA:

—

K, =[Fxm0]=const
B nossipHBIX KOOpIMHATAX:

U =711, +rpQ,

¥’ = const = c| - 3aKOH IUIOIIAJICH CIPaBEUIUB JIJIS JIFOOOT0 IIEHTPAILHOTO TOJIS.

3aKOH COXPAaHCHHUA DHCPIUH TaKKC UMCCT MCCTO!
T +11 = const

JleliCTBUTENBHO,
rdr

SA=F(r)dr =+F(r) p

?di;:%d(f?):rdr

0A= iF(r) dr

[Tocnennee BoIpaxeHre 3aBUCUT OT OJHOUM IEPEMEHHON U BCET/1a MOXKET OBbITh
PAcCMOTPEHO KakK MOJHBIN nuddepenipan. ITo 3Ha4uT, 4TO padoTa 3aBUCUT TOJIBKO OT
Ha4aJIbHOTO ¥ KOHEYHOI'O TIOJIOKEHUS U HAa 3aMKHYTOM KOHTYpPE paBHA HYJIIO.
®opmyasl bune

VP = P2 412
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4L
dr dr . dri r

- —_ C
dt dp’ dpr dop

. C
C y4eToM 5TO0ro, a TakKe ¢ =—, IOTYYHM:

r

[TepByro dhopmyny bune:

ym
F(r)=——
()--L2
“()

r) 1 7
dp* r ¢

1 .
—= Acosgp+Bsmqp+l2 - peuieHue
r c

YPaBHeHI/Ie KOHHYCCKOI'0 CCUCHHUA YallC IMHUIITYT:

r=—2>__ _ pemennue B apyroii Gopme, B 3TOM CIly4ae MOISPHAs OCh COBIANACT C

I+ecosg
HaIlpaBJICHHEM Ha TIepUTeuil (Iepureil).
[lepurenuii - Touka OpOUTHI IIAHETHI, KOMETHI WJIM UCKYCCTBEHHOTO ciyTHUKa ComHIa,

ommkaimas k CoIHITy; TPOTHUBOIOJIONKHOE - adeTuil.
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[lepureii - Touka JIyHHON OPOUTHI MIIM UCKYCCTBEHHOT'O CIIyTHHKA 3€MJIU, OJIMKaimas K
LEHTPY 3€MJIH; IPOTUBOIOJI0KHOE — aIlOrei.

3amaua C.8.23.

1 .
—:Acosgo+Bsmgo+l2
r c

—mg=—2—T37=gR2

c=r-rg=Ry,cosa

Yy

Pucynok 57

B HavanbHBI MOMEHT ¢ =0,r=R.

[Ipu go:% r=R

1 g
—=A+—=—— 315 ¢ =0
R v, cos’ & v

1 g /2
—=B+—=2—— Il p=—
R v; cos’ & v 2

1
A=B=—-— gz
R vjcos”a

OOGuiee penieHue:

| 1 g . g
—=| ———2——|(cosp—sing)+—2—-—
r (R v; cos’ 0{]( p-sing) v; cos’ a

Opnaxko, orcroa v, He onpenenuTs. 13 3anaun Ko (T.€. U3 rpaHUYHBIX YCIOBHI):
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dp | R v, cos’ a
0
)
dr r o
— == (cM. BeIBOA IepBOi hopmyiibl bruHe)
dt|, do
0
o dr .
C npyroii cTOpOHBI paguaibHas CKOPOCTb | =tsina.
0
L)
. r r 1 2.
v, sina =—Ruv, cos = =——tga , moJicTaBisieM B (*):
do do R
0 0
1 1 g
—+—t1ga = —2—
R RS v cos’ a
R
vy = &

" cos’ a(l+iga)

PaccmoTpum dhopMyity KOHMUECKOTO CeUeHHUs MOAPOOHO:

N
I+ecosgp
Tpaexropus:
A
y
b
p
a X
>

Pucynok 58

e - DKCIEHTPUCUTET
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e<1 - (MHUTHOE ABWKCHUE (CITyTHUKH, IJIAHETHI), ¢ >1 - NHPUHUTHOE TBIKECHUE
1. e<1 snnurc, npu e =0 OKPYX HOCTb paanyca p .

2. e=1 mapabona

3. e>1 runepboina

b2
"4

p

N

C
e = —_ =
a a
3akonsl Kenuiepa mus nnaner:
1. Kaxxnas u3 miiaHeT COJIHEUHOM CUCTEMBbI COBEPIIAET MIIOCKOE JIBUAKEHHUE C TTIOCTOSHHOM
CEKTOPAJIbHOU CKOPOCTBIO.
2. TpaexTopusiMU BCEX TUIAHET CITYKAT AJUTUIICKHI, B 00IIeM (OKYCe KOTOPBIX
pacnosioxkeHo CoiHIe.

3. OTHOILIIEHHE KBA/IPATOB BpeMeH T 0OpallleHHs TUTaHET K Ky0aMm OOJIbIINX MOJIyOoCced ux

SJITUIITHYCCKHUX TpaeKTOpI/Iﬁ OJMHAKOBO JJIs BCCX IIJIAHCT:

2

— = const

a

. o a
B nenTpanpHOM 10JI€ ¢ NOTEHIMAIbHON dHepruel IT(r)=—-—:

r
K? K?
p:—o,e:1/1+2E0 -
mao mo
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CEMUMHAP Ne9

)

KBATEPHMOHBI

KBarepHuoHbI BBEZICHBI B MAaTEMATUKY U MEXaHUKY T€HUATbHBIM UPIAHALEM Y UIbIMOM
Poyanowm I'amuneronom B 1843 rony 3a 18 et 1o otmeHsl KpenocTHoro npasa B Poccnn.
KBatepHuoH (0T naT. quaterni - 1o 4eThIipe) - 0000IIeHUE TOHATHS KOMIIJIEKCHOTO YHCIIa.
HNwmeet Bun:

A=Ay + Ag + A, + Ay,

Tae iy,i,i,,i; - CICHUAJIbHbIC CIMHUIIBI.

A+M :(ﬂo +:uo)i0 +(ﬂ1 +1u1)i1 +(ﬂ"z +:u2)i2 +(23 +:u3)i3

J1yist 6a3MCHBIX BEKTOPOB BBOAUTCS ONePAlUsl KBATEPHUOHHOI0 YMHOKEHMUS.
iy oiy =iy,iy0i, =i, oiy =iy,i, oi, =—1,

i ol = iy,i, 00, = i,,i, 00 =i, o ipoi, =—(i.0,)+[ i, xi, |,

iy od, = —iy, iy 0ly = —i,, i o, = —i,

k,j=12,3

Ecnu 3anumemM A=A +A,M = y, + ji, TO

L;,:-(ﬂ,ﬁ){zxﬁ]
AoM=(/10+Z)o(y0+[1)=/10y0+/10[1+1y0+/€o[1=
= Moty +/10/j+/€ﬂ0 —(Z,ﬁ)—#[/{XﬁJ

CBolicTBa KBATEPHMOHHOI'0 YMHOKCHHS:

1. JuctpuOyTUBHOCTH

Ao(M+N)=AoM+AoN
2. AcconmaTuBHOCTD
Ao(MoN)=(AoM)oN

3. Her komMyTaTuBHOCTH
ANoM #MoA

AoM =M oA TIpH KOJJIMHECAPHOCTH, T.C. KOrJa [Z X /j] =0

4. ITpy UUKIMYECKOUN MEpPECTaHOBKE
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Sqal(AOMON)zsqal(NOAoM)

T.e. a1 KBaTepHUOHA CIIPABE/JIMBBI BCE OCHOBHBIE 3aKOHBI JICCTBHM, KPOME
KOMMYTAaTUBHOCTH YMHOKEHHUSI.

ConpsixeHHbI KBATEPHUOH:

|40 0]=[A]o[]
A oo A, | =]|A om0

Al’l

HopMupoBaHHbIil KBATEPHHOH:
[A]=1

OO0paTHbIii KBATEPHUOH:

A :{AoA-1 =1}
A =p1l=0
Aol
1=y

Tpuronomerpuyeckasi 3anuch.

J1711 HOpMUPOBAHHOTO KBATEPHUOHA!

A, =cosv, A =@ésinv

¢ - eJIMHUYHBINA BEKTOP, KOJUIMHEAPHBIA A
A =cosv+esiny

JI1s1 HCeHOPMUPOBAHHOTO KBAaTEPHUOHA:

A:|A|(cosv+ésinv),

A=Al

HerpyaHo npoBeputs, 4to ecitt A, =|A,|(cosv, +ésinv,) U A, =|A,|(cosv, +ésinv, ), TO

C.B. CemennsieB. CeMuHapbl OCEHHETO CEMECTpa



A oA, =|A1||A2|(cos(vl +v2)+ésin(vl +V2)).
Otkyna cnenyer, 4To A" =|A[" (cosnv +ésinnv).

PaCCMOTpI/IM IMOBOPOT TBEPAOI'O TCJIa C HGHOI[BI/I}KHOIZ TOYKOH.

Z{,é /.,(k, j=1 2,3) - €IMHUYHBIE BEKTOPBHI, CBA3aHHbIE C TT B HAYaJIbHOM U KOHEYHOM

[MOJIOKEHUU.
O003HaYUM:

a,; =(i,.¢;) - HATIPaBJIAIOMIE KOCHHYCHI.

Haij - MaTpula, 3aaaromias 1MoJ0KCHHUC TBCPAOIo TCiIa C HGHO,Z[BH)KHOﬁ TOYKOH.

[Tonoxenue (MOBOPOT) MOKHO TAKXKE 3a/1aBaTh C MOMOIIIBIO YIJIOB Jiljiepa u

KBaTEPHHOHOB.

.9
I , €,

;P
5,6

Pucynok 59

VYl Ditnepa (cMm. puc.):

Y - yroJ npeneccuu,
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0 - yroa HyTaluu,

@ - YyroJl COOCTBEHHOT'O BpaIleHUsI.

Teopema. [Ipon3BOIILHOE MTOJ0KEHUE TBEPIOTO TEJIA C HEMOABUXKHOU TOUKOU O
OTHOCHUTEIIbHO 0a3uca Oii,i, 33JaeTCs HEKOTOPhIM HOPMHUPOBAHHBIM KBATEPHHUOHOM A TIO
bopmynam: é, = Aci oA . [Ipu 3TOM KaXKIOMY MOJOKCHHUIO TBEPIOTO TEJIa COOTBETCTBYIOT
JIBA 3HAYECHUS KBATEPHUOHA, OTINYAOLIAECS 3HAKOM.

JIiist TOUKH: 7' = AoFoA

Teopema (Jilsiepa 0 kKoHeuHOM MOBOpoTe). JIF000€E MOJI0KEHNUE TBEPAOTO TEJIa C
HEMOIBM)KHOW TOYKOM MOXET OBITh TIOJIYYCHO W3 HAYaJIBLHOTO TIOJIOKECHHS OJTHUM
MOBOPOTOM BOKPYT HEKOTOPOI OCH & Ha HEKOTOPBIN yrou « . [Ipu 3ToM 0Chb & KOHEYHOTO

II0BOPOTA KOJUIMHEAPHA BEKTOPHOM YaCcTH KBATEPHHOHA A =4, + 4, a yrol a KOHEYHOTO
o a . a
OBOpOTA orpezaensercs GopMysnon « =2arccos 4, . A= cos—-+&sin

DopMyJIbl CI0KeHHSI IOBOPOTOB.

B obwem 6aszuce B ciiydae n IOBOPOTOB, 33/1aBAE€MbIX KBATEPHUOHAMH A, A,,.., A,
UTOTOBBII MOBOPOT 33/1a€TCSI MPOU3BEACHUEM 8 0OPAMHOM NOPAOKeE:

A=A o.0A,0A,.

B cobcmeennom bazuce — 6 npsamom nopsoke (*- suauum, umo K8amepHUOHbL 3A0AHbL 8
cobcmeennom basuce):

A=A oA 0.0 .

IMapamerpsl Poapura-I'aMnibToHAa — KOMIIOHEHTHI KBATEPHUOHA B €I0 COOCTBEHHOM
Oasuce.

CoOcTBeHHBIN 0a3uC KBaTepHUOHA A - TOT Oa3uc, MOBOPOT U3 KOTOPOTO 33/1a€TCS 3TUM
KBaTE€pPHUOHOM.

Hampumep, moBopoThI Ha yriibl Depa 3a1at0Tcsl B COOCTBEHHOM 0asuce:
Y o
Ay =cos—+i,sin—
2 2
0 . .
A, =cos—+i sin—
2 2
4 ®»

A, =cos—+i;sin—
2 2
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Htorossrit IMOBOPOT 3aAaCTCA NPAMBIM KBATCPHUOHHBIM ITPOU3BCIACHHUCM:

A=Ay oA, oA,

CUCTEMbI ITIEPEMEHHOI'O COCTABA

3aKOH U3MEHCHUS HMITYJIbCa:

@ — kguem +E00n ,
dt

+
At At

_ Ayx Anp

3aKOH M3MEHEHHMS MOMEHTA HMITYJIbCA:

d]_{ T eHeu T oon
dto =M+ MY,
- [ AKY  AKY
rae MY =lim| ——2%+—2 |,
At—0 At At

3aKOH U3MEHECHUSI KHHETUYECKON IHEPIUU:

d_T:N_'_N()on’
dt

rae N = Z(F“D) - MOIIHOCTh BHEIIHUX U BHYTPEHHUX CHUJI, JCUCTBYIOIINX HA CUCTEMY,

AT™ N AT™
At At

At—0

N = lim [— ] - IIOTIOJIHUTEbHAS MOIIHOCTb.

YpasHuenue Memepckoro:

dl} D eHe . dmyx — yx - dm”P —n
m——=R"" = — L 4y — L,
dt = dt = dt

rae i =C”™ —0,i” =C” -0 - CKOPOCTH YXOISAIIMX M IPUXOAAIIMX MACC B MOABMKHOM
IIOCTYIATEIIbHON CUCTEME, CBA3AHHOM C TEJIIOM.

N3 ypaBHeHUs MelepeKkoro npu OnpeneseHHbIX YCIOBUAX MoJIyyaeTcs (opmyJia
L{10JKOBCKOIO:

m,

m(1)

v(t)=v,+uln

@
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Yacro cripammBaere, «I1o KakoMy y4eOHUKY TOTOBUThCA»? Jlydlle BCero — XoauTh Ha
JEKUMHU, TOTOBUTHCA 110 KHUTE JIEKTOpPA U CAABaTh JIEKTOPY, - TOT1a HE OyJeT
HeJ0pa3yMeHUl (B pa3HbIX yueOHUKax ObIBAIOT pa3Hbie (POPMYIUPOBKH).

BonpmmHcTBO HaxoauTCs B Apyroi cutyanuu. [losTomy s Ob MOCOBETOBAN B3ATh 3a
OCHOBY KHHMTIY [3], Kak cTporuii 6azuc (MaTeMaTu4ecKkas OCHOBA). 3aTEM Ha OCHOBE 3TOTO
0a3uca OpueHTUPOBATHCS B KHUTAX [1,2] (Oonbiinii 00beM, CyKIeHUS, TPUMEPHI).
Pa3BuBaTh 3HaHUSI B HOBOM HAaIpaBJICHUH (aKaJeMHUecKas TOuKa 3peHus ) o kuure [4]. A
KHHTA [5] TOMOUACT B KAYECTBE CITPABOYHHKA TI0 HEKOTOPBIM BOIIPOCaM (CaMbIii OOJIBIION
00beM). Moxere MpocTo MpoYuTaTh Bce KHIKKHU B opsake [1],[2],[3],[4]1.[5]
(MpOIITYAUPOBATH, TAK CKA3aTh).

JlomonHuTenbHas auTepaTypa (Meroanyku u ap. B pdf-popmare):

- Ha caiiTe kadgeapsl TeopeTudecKor Mexanuku http://teormech.fizteh.ru wim

http://teormech.mipt.ru (3epkaso)

- METOJIMYECKHUE TTOCOOUS (CIpaIIMBaiTe y MpernoaaBaTess).

Ycnexos!
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